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THE 

PREF ACE. 

*T*HE ufe of Trigonometry is Jb great in all 
<*- the parts of the mathematics, that he muft 
have made a very little progrefs therein* who is 
notfenfible of it. Its help 4s called in upon every 
* occqfion, and its great fervice is clearly apparent 
in calculations of all forts, both upon the earth, 
upon thejias, and in the heavens. By this, the 
diftances of objeSls upon the earth may be ter- 
tainly known, if they can but bejeen ; though we 
' cannot come near to meafure them : likewife the geo- 
graphical diftances of paces on the earth; andthtir 
feveral pofitions to one another. Navigation depends 
entirely upon it. Surveying and dialling owe their 
greateft exaftnefs to it. It is of fngular fervice 
in military affairs : and Mars, without this, 
might live peaceably at home. Upon the wings of 
Trigonometry (as PlitoJaysJ we mount up from 
the earth to the heavens, medfure the diftances 
cf all the ftars, and range them in their proper 
order. And without it UraniaV^/S/w may throw 
qfide their inftruments, their books and tables*, 
or rather, without this, they would never have 
had fucb things*, and confequently mankind bad 
remained utterly ignorant of this moft beautiful 
Jfyftem of the world. Injhort, the art of Trigo- 
nometry is of fucb univerfal ufe and extent, that 
it would be an endlefs tajk to enumerate all the 
'various purpofes to which it is fubfervient ; and 
the moft important branches of knowledge would 
be loft and ufelefs if we wanted it. 

A 2 This 
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iv P R E F A C E, 

This makes me wonder that no body bos given us 
an entire fyjlem of this art ; which Jball contain 
all the principles, as well as the rules of practice. 
In/lead of that ,mofi authors content them/elves with 
little more than explaining the common cafes offoh- 
ing triangles, and fill up their books with heaps of 
examples, tojhew the ufe and application thereof: 
wbiyi they dip very little into the theory, and leave 
the principles thereof very much in the dark. 

In this treat if e I have ventured to lay down the 
whole both theory and practice ; and to take in 
all things of any confequence that any way belong 
to tbefubjeSl. Ana here I account all tbefe pro- 
perties of triangles or other figures that have any 
relation to the meafuring their angles by degrees* 
or by fines, and tangents, &c. to belong to Tri- 
gonometry, as their proper fubjcB ; referring 
their other properties to Geometry, which have 
nofucb regard to the meafures of their angles. 

Inpurfuance of this defign,! have in thefirfi book 
laid down in a few proportions, the relations of 
fines, cofines, &c. of arches ; likewife of the double 
arches, and of thefums and differences of arches* 
Among which there are a few proportions, fo extetf- 
five and general, as to comprehend a great number of 
particular proportions* evident only by infpeSlion. 

Then I have given the method of calculating 
natural and artificial fines, tangents, &c. of any 
arch : and from thence thofe of their multiple 
arches. And here I have been obliged to have 
recourfe to the method of Bunions, and the method 
of increments ; there being no other pojfible way 
to ejfeEt it. . Which if any of my readers happen 
not to under/land, they may pafs by tb^ invejtiga— 

tions* 
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PREFACE. 
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t tons j and make equal ufe of the conclufans, never- 
tbelefs. Butfor further Jatisfa£f ion, fee my Me- 
thod of Increments. 

*fben you have a few general proportions con- 
cerning angijlar fedtions;, infeription g/~polygons, 
and the properties of chords inferibed in a circle. 
In thefecond book you have plain Trigonome- 
try, with thefolution of alt the cafes, Jeveral ways. 
Right-angled triangles are refohed arithmetically >, 
logarithmically, and algebraically ; and oblique ones 
logarithmically and algebraically. By tbefrjl me- 
thod all the cafes of right-angled triangles are re~ 
folved by common arithmetic, without any books or 
tables whatever. And this comes very near the 
truth* and is fufficiently exaSl for common ufes \ 
and is no further burtbenfome to the memory, than 
getting by heart two or three proportions, with 
fertain fixed numbers ; and the 47. I. Euclid. 
And the fame way may oblique triangles be re- 
fohed, by letting fall a perpendicular. 

In the third book you have all that is material 
in the do&rine of the fphere ; likewife the pro- 
perties of fpherical triangles ; and the principles 
of fpherical Trigonometry ; in which are fome 
compound or general proportions, including fever al 
particular ones. Among thefe there are fome that 
I have taken the liberty to demonjlrate algebrai- 
cally, to avoid a more prolix method of demon- 
fration. Then follows the folution of all the 
cafes of fpherical triangles ; m oblique ones both 
logarithmically and algebraically.: 

In tbefrfi feSlion of tbefirfi book, I have in- . 
ferted fiver al fcholia here and there : the ufe of 
which to Algebraijls, will be too evident to be fur- 
ther 
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tber inpfted on. Arid for the fame reafbn it <was f 
that I injerted tbefolution of the cafes algebrai- 
cally. 

. All thefe things being laid down here in this 
book f in the Jhortejl manner pojfible $ 7 think I 
may venture to entitle it The Elements of Tri- 
gonometry. I wont fay that I have quite ex* 
haujied tbejiibjeft, but lam of opinion that I have 
omitted little or nothing of any confequence. 

I think it needlefs to Jhew the application of 
Trigonometry to any part of mathematics : that 
being very eafyfor the reader to do him/elf} efpe- 
cially as all authors abound in thefe things. 

If what I have done meet with general appro- 
bation* I have my end ; if not > I can only fay r , 

In magnis voluifie fat eft. ' 

W. Emerfon. 

1 

4 

P. S. In thefirfl edition of this book y having deli- 
vered the theory of Trigonometry > with all tjbe praSicat 
rules and canons for calculation \ I thought it Sufficient 
to ahfwer all the purpofes that could be deftred. And 
that nttinng may. be wanting even Jo the loweft^clafs 
of readers, I have given thejolutions of all the cafes of 
triangles in numbers. J have alfo made many altera- 
tions and additions in fever al parts of the book, and 
have added feveral proportions in fpherics, which I 
have put at the end of .the lafi JeSlion ; becaufe they 
could not well be demonftrated, without the proportions 
in that feftion ; all which now makes the book entirely 
complete* 

W.E. 
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TRIGONOMETRY, 



DEFINITIONS. 

N archofa circle is any part of its circuro- p j g # 
ference, as a p. A quarter of the circum- • 
ference. is called a quadrant, as aDj and 
the half a femi-circle, as adi. ""* 

2. The radijis is a line drawn from the center tq 
the circumference, as pa. 

3. The complement of an arch is whkt it wants of 
a quadrant; bd is the complement of ab. 

4. The fupplemttit is what it wants of a femicir* 
cle, as bi is the fupplement of ab. 

w • Cor # 1. The difference of tw,o arches is —differ* 

ence of their fupplement s. 

Cor. a. The fomplement of half an arch is equal 
Jo half the fupplement of the whole arch. For lee 

Q_be, a quadrant and a an arch ; then Qj— \a is 

the complement pf half the arch, and 2Qj— a is 
- t.hp fupplement of the whole, and Q^— |a is half 

th<£ fupplement of the* whole. 

Cor. 3 . The difference of an ar,cb and its complex 
4nent is eq ual to the complement of twice the arch f 

^ c/) a. — a is the difference of the arch and its com-* 
plement, and jz ac^q^j s the complement of twic? 

jphe 4rch, but a c/jq^ — a = sagoc^. 
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t % ^ELEMENTS 

FIG. 5* ^hfi cord or fubtenfe of an arch ab, is * ■ 
x. right line ab drawn between the extreme points of 
the ^ch. 

6. The fine (or right fine) of an arch ab, is a 
right line bf drawn from one end of the arch per* 
pendicular to the diameter palling thro' the other 
end of it. 

£or. The fine of a* *r<b is half the card of the 
jfouble arch. 

7. The cofine of an arch is the diftance between 
the etittef and the fine, as cf. 

8. The ver fed fine of an arch ab, is the part of . 
the diameter, between the beginning of the arch 
and the fine, as af. 

Gor. The verfodffa* -f 1 cofin* = radios. 

9. The coverfed fine is the line de, between the 
end of the quadrant ad, and be perpendicular 

to DC. 

10. The tangent of an arch ba is- the line ag 
drawn from one end a of the arch perpendicular to 
the diameter, till it cuts the line cbo drawn thro 9 
the other end- of the arch, 

11. The cotangent of an arch ab is the line dh 
drawn perpendicular to dc at the end of the qua- 
drant ad, Dill it meet the. line cbh drawn thro' the 
top of the arch ab. 

ia. The fmitangmt of an arch ab, is the line 
kc intercepted between the center and the line ik 
paffing thro* the end b of the arch. 

Cor. *fhe femitangmt of an arch is = tangent of half 
the arch. For if at = tb, then Z- act = t- ai». 
Whence ck = ar. 

13. The fecant of an arch ab is the line co 
drawji from the center of the circle, through the top 
of the arch ab, till it meets the tangent ag. 

14. The cofecant of ah arch ab is the line xh> ^ 

drawn from the center, through the end B of the . 

arch, till it meets the cotangent dh in h. 

Cor* 



of TRIGONOMETRY. % 

Cor. i . Hence * the cofine, cotangent, coficant, t *- F k I Q> 
verjed^fine of an arch, is equal to the fine, tangent, I- 
fecant, verfedfine, of its complement r effectively. 

For the fine bb of the arch db (the tompletaent " 
of Afi) is = cf* the cofine of ab. Alio dm, tht 
cotangent of ab, is the tangent .of its complement 
db. Alio ch, the cofecant of ab = fecant of 
its complement . db. And laftly de, the corerfed 
fine of ab, is the verfed fine of its complement 
pb. 

Cor. 2. A fine, tangent and fecant, cofine, Man- 
gent, cofecant, and coverfed fine, are common to two 
arches which are the fupplements of each other. For 
thefe lines belong as well to the arch i b, as to 

AB. 

15. A degree is the 360 th part of the circumference 
of every circle ; and therefore a femicircle contains 
180 degrees,, and a quadrant 90 . .Alfo the % 60 th 
part of a degree is called a minute, the 60 th part of 
a minute a fecond, &c. 

16. An angle acb rs the inclination of two lines 
ac, cb ; and the nteafure of that angle is the de- 
grees in the arch At. 

Note, The middle letter ftands at the angle. 

Scholium. 
Tho f the cofine, tangent, cotangent and fecant 
are common to two arches which are the fupplements 
to each other ; yet in an arch greater than a qua- 
drant* thefe lines are truly negative, and muft be fo 
efteemed, becaufe they are drawn the contrary way 
to thofe in an arch lefs than a quadrant. And there- 
fore the fine, coverfed fine, and cofecant, are always 
affirmative in all arches lefs than s a femicircle, but 
negative in greater arches. And in general, the fines 
pf all arches in the. firft and fecond quadrants are 
affirmative, in the third and fourth negative. The 
cofines in the firft and fourth quadrants arc affirma- 

B 2 tive, 



4. TU ELE M E N T S, &?<r. 

FIG. tive, in the fecond and third negative. The tangents 
i. in. the firft and third quadrants are affirmative, in 
s the fecond- and fourth negative. The cotangents in 
the firft and third are affirmative, in the fecund and 
fourth negative. The fecant's in the firft and fourth 
are affirmative, in the fecond and third negative. 
. The cofccants in the firft and fecond are affirmative, 
in the third and fourth are negative. All verfed fines 
are affirmative : moreover, fines, tangents, &c, of 
negative arches are contrary in their figns to thofc 
of affirmative arches. 



BOOK 



BOOK I. 

The properties of fines, tangents, fecants* &c 9 of 
s arches ; the calculation of them, both ndtural 

and artificial $ and alfo tbofe of multiple arches % 

angular feSlions , &<:. 



SECT- I. 

The relation of the fines, tangents and fecdnts qf 

arches. 
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PROP. I. 
In any arch, tbsfe are refpeffively proportional. 



Radius 


I Sine : 


Cofine 


Secant 


l Tangent I 


Radius 


Cofecant 


l Radius I 


Cotangent. 
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THE meaning of the propofition is, that any four 
quantities lying in form of a reitangle are pro- 
portional. As thus; Radi Sine :: Secant : Tangent. 
Or Rod : Cofine : : Secant : Radius. Or Tangent : Ra- 
dius : : Radius to Cotangent. Or Cotangent : Co- 
Jine : : Cofecant : Radius. And fo of others. The 
fame is to be underftood of the following propofi- 
tions. Likewife if you have feveral quantities placed 
thus, a : b : c : : d : £ : f ; the meaning is, that 
a : b : ; d t E, or a : c : : d : f, or b : c : : e : f, 
&c; "or laftly, if a : b : : c : d : : e : f, &c ; it fig- 
nifies, that a : b : : c : d, or a : b : : e : f, or c : p 
: : e : f ; and fo of others. 

For in the fimilar triangles bfc, Cac, cdh ; 
bc : bf : cf : : cc : ga : ac : : ch : cd : dh. 

Q. E. D. 

Cor. i . Radius fquare 3 fine Square -f- cofine 
*tuare zzjecant fquare — tangent fquare — cofecant 

B 3 Jquare 
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FIG. Jquare — cotangent fquare. For the triangles bfc, 
i. gac, cdh are right angled. 

Cor. 2., Radius Square = tapgent x cotangepf zz 

Cor. 3. /» *»y arches y the fine is as the eofine x 
WlgWt* Q r as tangent divided by Jecant', or as cofine 
divided by cotangent, or reciprocally as the cofecant. 

~ Cor. 4. tangent is as the fine x f$cant> or as 

line fecant . 77 ' * 

*-t-, *r *w •*-; — -, *r uaptawly as the cotangent. 

cofine cojecant . ^ ° 

Cor. 5. «SVft*»/ is as tangent x cojecant, or as 

tangent co fecant . „ . r 

/"-. '* "?r *«* ' / " ^ w reciprocally as the cofine. 

Cot. 6, Q/J;** is reciprocally as the fecant > cotangent 
reciprocally as the tangent ', cofecant reciprocally as tbefine. 

Cor. 7. Tbefum oftbefquares of the fine andverfed 
fine of an, arclf —fquare of the cord of that arch zz 
4 /iwa /£* fquare of the fine of half the arch. For 
ABriAL, and the triangle ab? is right angled. 

Cor. 8. Xb* cord of em arch is a muui proportional 
between the verjed fine and diameter* For af, ab, 
as are continually proportional. ~ 

Scholium. 
Let A~any arch* /^tangent. *=cofccant. 
rzz radius. . r=coungeat. v^verfed fine, 
jnfine* :. : fzzfecmt* T=verf. f. fuppK 
*zrcofine. Then 
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¥ 1 G . Tie cover fed fine is eafily found expreffed by any of the 
u ™ft> h onlyfubtrafting the fine from radius. 

PROP. II. 

» » 

In any etch theje lines are refpeftively proportional. 



Radius 
i. Sine arch 
2 Cqfine arch 



Sine of an arch 
Verf 2 arch 
Sine 2 arch 






Cqfine arch 
Sine i arch : : 
Verf.fup. larch 



For the triangles cal, baf, ibf are fimilar, and 
ib =: 2CL, therefore ca : al : cl ::. ba : af : bf :: 
ifi : bf : if. 

QoK i. From hence and Prop, i it is evident, 
that thele are refpe&ively proportional. 



Radius 
Secant arth 
Co/ e cant arch 
0, Sine arch 
a Cofine arch 



Sine of an arch 
Tangent arch 
Radius 
Verf 2 arch 
Sine 2 arch 



Cofine arch 
Radius 

Cotangent arch 
Sine 2 arch 
Verf.fup. a arch 



— r t 2 fine [quart r j r r 

* Cor. 2. In any arch, —^—jr = verfea fim of 



radius 



the double arch, that is, — = verf. sa. See SchoU 
to Prop, i . 

~ ^ r 7 7.fineXcofim r * - 

Cor. 3. In any arch, ~ — —.— — =: fine of the 



radius 



2cs 

double arch, — zz fin. a a. 

r 



~ ' ' r r 2 cofine fquafe — radius fquare 

Cor. 4. In any arch, — - — « j. — — • 



radius 

= cofine of the double arch. For cof. sa = r 

2ss rr — 2ss 2cc-—rr 
r 



verf. 2Arr 



rr — 2ss 



Cor. 



Seft. u of TRIGONOMETRY. 9 

* Cor. 5. In any arch, 2 radius ^ uari = imm F J ^ 

J ^ cotangent — tangent * U 'W" u 

of twice the arch. For cof. : fine : : rad. : tangent 5 
that is> by Lon 4> 3, or : — : : r 1 

r r r 

Zcsrr __ 2rr ,. c u i n \ ^ rr 

— (by Schol. Pr. 1.) • . 



re rs 



ccr-ss*r X-— li 



Cor. 6. In any arch, f cotangent — | tangent z± 
cotangent of the double arch. This follows from 
Cor. $, becaufe radius fquarc divided by the tangent 
is =r cotangent. ■ . 

» « * » 

Cor; 7. In any arch, fecant xradius „ 1 

' . 2c ' of,ne-/eca»t =S" a » tC f 

the double arch. For radius fyuare r , . . 

~—^ r - = / eca „t i that ts % 

^ Cor ' 4t z£r7 r = ~ i i; r = : C b y Sch - ? r - »•) 

•^ZTf = fecant of 2 arch. 

Cor. 8. In any arc*, ^%£™ = ,„/„*,/ f 

the double arch. For by Cor. i of this Prop. 

. -7-= fin. 2 arch, and (by Sch, Pr. i) Tad,m ' Iquar * 

rrl f Ji ' U 

= cofecant j that is, 2£ = g, becaiife - = <r, by 
Schol. Pr. 1. 

Cor. 9. fr Tn- trr f^. 8 >g fquare x ffl/?w / ^ r ' 

' raaiui cube """ 

?/*r/W /»<? 0/ /^ quadruple arch. For, by Cor. 3, 
^ = fin. *a, and by Cor. 2, 22SifL* = vcrfcd finc 
of twice 2a„ 

Cor, 



1 
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FIG. Cor. 10. Hence alfo, the verfed fines of two arches 
t* are as thefquares of the fines of their half arches. 

Cor, 1 1 . The fines of two arches are as the rtft* 

angles Of the fine and cofine of their half arches. 

Cor. 12. The cojecants of two arches are as ihe 
reSangles of the fecant and cojecant of their half 
arches. 

Cor. 13. The verfed fine of ihe /up. of an arch : 
i radius : : fine fquare : fine fquare of \ the arch. 

For vcrf. iup. za : cof. a : : S.2A : S. av 
And 2 cof. a : rad. : : S.2A : S. a. whcnct 
by multiplying, Vcrf. flip, ia : frad. :: S*,*a r S*.a. 

Cor. 14. What has here been demonfirated of the 
relation of fines and cofine s to one another, holds 
equally true , . in refpeft of the cords of arches, and 
, their Jupplements 5 putting the diameter in/lead of ' 
radius* 

Cor. 15. Hence alfo it follows from Cor. 6, that 
the difference between the tangent and cotangent of an 
arch = twice the tangent of the difference- between 
that arch and its complement. 

For the difference between an arch and its com- 
plement, is equal to the complement of twice that 
arch. Hence alio 

Cor. 16. Let a be any arch lefs than 45% then 

tangent of 45+ a* := tangent of 45 — a°+ 2 tan~ 
gents of 2A. For 1a is. the difference of the arches 

45+a and 45*- a. 

• 

Scholium;. 
. Henee alfothe fines, cofines, &c, of the doable 
arches may be exprcfled.more univerfally thus, (fee 
Sch* Prop. 1.) 

1. 
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. * # r^t'^t wmm f~ir~ rr+itzzjf ~ t+* I, 



_ ar*r „_ 



zz — fine of 2 arcb. 



TT CCtmmSS rr— ai; ^ 2cc ~—rr rr—tt ^ r-«-# 



tt— rr arr—JT 2.*—/ e fl —2r % 

*— y ZZ ■ ■ ' y ■ f ZZ ■ / y ZZ -■ r ZZ 

TT+rr Jf f <r % <r 

zz cofine of 2 arcb.. 

TTT' 2rrt * rr — aw — * rCi — 2rTT 



rr—tt t— t rr—2ss %cc—rr tt— m 

zz tangent of 2 arcb. \ j 

- ttr rr — tt rr—rr t— / rr — 2s$ 2cc~*r / 

IV. — — zz zz — zz rz- - — r / 

a/ 2T 2 2XS 2cs 7 

zz cotangent of 2 arcb* 

' \r ff r — /* ■*■ »* — ** — "•+« - 

y - /y — " •* 1 ZZ ■ * ZZ 1 1 * ZZ ' f 

2rr—ff 2 c— f 2rc— rr rr — 2ss rr — tt 



t+t rr+rr ra % f . , 

zz --^r zz — — r zz -5-: — 5 zzfecant of 2 arcb. 
t— / tt— rr v— 2r* J J _ 

VI 2Lzz-S£zz — zz— = rr+tt ~^ z=. — ■— 

2r 2/ 2* 2a 2/ 2 ""* 

rr+rrrrflv , . - , 

»■* zz co fee ant of 2 arcb. 

21 J J 



VTT 2w 2rr~2rc_ 2t/V 2vX2r — v 2rtt 



<m «■ 



r \ r r "~~ r rr-Hfzzjjf 

mmm 2rt 2r g 2r* y^ — rr f— c 

— t+* rr+Tr=(rcr a ~~~ JJ *""/"' 

2f zz verfedjine of 2 arcb. • ' 

VI1L < — - — ^ = ~ s ^r7/ = ^r3 r = rrz 

r r rr-ttt rr m tvt #+t 
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F I G. _ tr 3 ^ 2rr_ 2(r a — 2r* _ 2<r*— 2f __ v— f\* _ r—J % 

zz verf.fup. 2a. 

tfbe coverjedfine may be txpreffed by any of the refi y 
by JubtraSing the value of the fine from radius. Alfo 
ether values of each quantity may be inferted by Scb. 
Prop. i. ' 



Hence alfo, 



/— r , rv ylr—.V 



T ,r — c y j — r j, rv y 

2r 2r 2 2r 

= S. i the arch. 

ns r +c __ •/+ r • 2rr—rv — y rv 

2r sy 2 2 

= * 0/". f /£* 0r<& 
III. rv/— — zrrv^Vr-— r v =rv/ 

r+* /+r 2r — v v 
= <r — t zz /##. \ the arch % 



v 



IV. r/ =rv7 — =v =r\f- 

r — c f — r 2 2r — y 

r: a- + t == £0/*». £ the arch* 

V. rv/— r~ = rv/ — f-^zrrv/ = v/ 

r+r r +y 2r — t; y . 

—fee. f /itf #rir&. 

VI. rv/ rr/7^--r\/ — = rv/ - 

r — c f — r v 2r — y 

= cofec. \ the arch. 

PROP. III. 

a. If three arches af, an, ap be in arithmetic progref- 

Jlon; then thefe are refpeftively proportional. 

Radius 
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Radius : S. mean arch : Cof. mean arch ' • F I Gk 

2 S. mean arch ' : Verf % mean arch . : S. 2 mean arch ; : a% 
2 Cof mean arch: S. 2 mean arch : Verf f up. z mean arch: z 

2 S. common diff. : Diff. cof. extremes : Dip. Jin. extremes : ; 

3 Cof. com. diff* : Sum, Jin. extremes : Sfc/p. £0/ extremes • 

Note, D(/f. fineszzS. greater arch — S. lejfer arch. 
Diff. cojines zz cof. leffer — cof. greater arch — 
Diff. verfed fines zz verf. greater — verf. lejfer 
arch, univerfally. 

Draw pcm and pf and mf ; and ad II fp, and - 
fs H ab, and ce, ms 1 ab ; Then ms — pg + fh, 
and sf ±: cg + ch. And arch om zz pn zz nf. 
Therefore mf II nc, and itoF zz 2CR. Whence the 
triangles caq^ dak, bdk, pfi, fms are fimilarj and 
ca : aqj cqj : d a :- ak : dk : : bd : d& : bk : : pf : fi : pi 
: : fm : Ms : fs. 

Cor. 1. Since the mean zz \fum of the extremes, 
therefore in any two arches , 



Radius 

2 S. I fum 

0. Cof. \ fum 
H S. I difference 

3 Cof. I diff. 



S. Ifum 
Verf fum 
S.fum 
Diff. cojines 
Sum fines N 



Cof. Ifum 
S. fum 

Verf f up .fum 
Diff. fines 
Sum cojines. 



Cor, 2. Let a, e be two arches, a the greater, 

jl the leffer y then, 

k Rad. : S. a. * : Cof. a. : * 

^^_ MHman««0 aM^MBViM^ ^^^^^^^^^^^ MflBMHMMMMW 

S. E : Co f A^- E—rCo f a -f £ i £.>A-f e — 5. a-^- e : : 

Gg/T B '. 5. A + E + £ A — E I Cfl/ A— £ + Cof. A + E. 

This will appear by Cor. 1, putting Azzhalf the 
fum of 2 arches, and Enhalf their difference. For 

then the arches will be a+je, and a — e. 



Cor, 
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F I G. Cor. 3. As \ rod. : S. \ fum of two arches :: S. 
%. § difference I difference of their cofines, or of their 
verfed fines. 

Cor. 4. ReB angle of radius and the difference of the 
verfed fines (or cofines) of two or fbes= twice the refi- 
angle of the fine of half the fum, and fine of half the 
difference of theje arches. 

Cor. 5. If three arches af, am, ap are in arith- 
metic progreffion ; the reftangle of the fine of the mean 
arch, and cofine of the common difference— reftangle of 
radius , and half the fum of the fines of the extreme 
arches. And if three arches af, an, ap are in 
arithmetic progreffion : rcBangle of the cofine of the 
mean arch, and cofine of the common difference— reft- 
angle of radius and half the fum of the cofines of the 
extremes. 



For by Cor. 1, caxpg+fh=:2crxaqj=2a<^X 
cn — n r, when ce 2aq„x nr r: Iaq^x c a — ca X 

PO + FH. And CA NR X AQJW CR X AQIZCA X 

2 

fh are cofines. 

Cor. 6. The fecond difference of the fines fh, a<& 
pg, X radius — twice the fine of the mean arch X 
verfed fine of the common difference. For the fecond 
difference =2 aq^ — fh — pg. 

Cor. 7; As radius: 

To twice the cofine of any arch : : 

So the fine of n times that arch : 

To fum of the fines of n — 1 and n+i times thai 

arch : : 
Andfo the cofine of n times that arch : 
To the fum of the cofines of n — i and n +1 times 
that arch. 

For 
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For if a be the arch, then » — i. a, »a, u+i. a FIO^ 
are in arithmetic progreffion, and a the common ** 

difference. 

Cor. 8. Let a be any arch lefs than 30 *, then fine of 
A%y/^+fine of 30 «— A=fi*e of 30-f a. 

For the arches 30 — a, 30% and 30 -f a are in 
arithmetic progreffion, and co£ mean y>zz £ %/* x 
radios. And b y t his prop , rad. : cof. 30° : : a fine 

of * ; S. 30+ a— S* 30— a. 

Cor, o. if a be any arch lefs than 30, then S* 
3<>-+'A+Sv30'-"A=: k. 90— a. 

For the S. 30 the meaner f rad. and by this prop. 

- rad. : { rad. : ; 2 cof. a : S. 30 + a + S. 30 — a rr 

COf. A. 

Cog, to. If a be any arc h lefs t han 30°, then S. 
<Jq+ aX i/$-~S. 30+ a = S. 90— A. 

. For if the arches be a, 60 + a, 1 20 + a, and 
radius x I \/3~ S. 60 the com mon differenc e. Then 
rad. : rad.x \/ z" S. 0+ a ; cof. a— cof. 1 20 + a 

- =c p f> a+ coC 60— a, that is, 1 : v^3 - S. 60 -f a 
vS. 90— a+S. 30+A. 

Cor. 11. If a fo anyjarchlefs than 45 ;. /£**£. 

AX\/a+iy.4j- a=^, 45 ± a. For in the arches 
45 — a, 45, 45 + a ; i/aX rad. r^. cof. the 
mean, 45. 

Cor. 12. Let a J* a«y *r aE lefs than 6a; then S. 
a + S. 60 — a = S. 60 + a. For in the arches 
, 60— a> 60, 60+A, the cof. mean, 6o?:r§rad. 

Cor. 13. JEFfo/ fr demonfirated in this, prop, and 
Con 2, 3, J, 7, of fines arid coftnes, holds m cords of 

arches, 
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F I G. arches, . and their fupplements, putting diameter for 
2. radius. 

P R O P. IV. 

In any two arches y tbefe are refpeSively proportional. 

\ radius : S. \/um : Co/. \/um *: S. £ Jiff. : Co/. ±diff.\\ 
S, \/um : Ver/./um : ' S. /urn : Diff. co/. : Sum fines : : 

Co/, ^/um : S./um : F./uf../um : Diff. fines : Sumco/ :: 
. %.\dff. : Diff. co/. : Diff. fines : Ver/ diff. : S. diff. : j 
Co/ \diff. : Sum fines : Sum co/ : S. diff. ; V. /up. diff. 

' Note, Diff. fines and cofiHes, is the fame as in Pr. nr. 

The 3 firft perpendicular rows are evident from 
the laft Prop, and the firft, fourth, and fifth terms 
iq the 2 laft perpendicular rows follow from Prop. ir> 
and the remaining terms are filled up by the propor- 
tions in this very prop, thus, £ rad. : S. \ diff. : ; 
S. \ fum : diff. cofines, which therefore will ftahd 
in the fecond place of the fourth perpendicular co- 
lumn, as well as. in the fourth place of the fecond - 
column, &c. 

Hence feveral corollaries follow of their own ac-r 
<r cord s ias, 

Cor. i. As verffuppl. fum of 2 arches : diff.fin$$ 
i : diff. fines : vy fed fine of their differences 

Cor. 2. Sine of the fum of 2 arches : fum of their 
fines : : difference of their fines :fine of tb$ difference 
of the arches* 

for. 3. If three torches are in arithmetical progrtf*. 
fion> 
■ » As the fine of one extreme : 

Sum of the fines of the mean arch, and common 

difference : : 
So their difference (S. mean — 5. com. diff.) 
jTb the fine of the other extreme. 
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For let m zz mean arch, d = com. difference, and F I G. 
then by Cor. 2. S, m+d : S. m+S. d : : S, w— S. d : *• 
S.jw — d» 

Cor. 4.- L et a b e any arch j 10, n any numbers, then 

<As fine of m—<n i k \ t 

S* »a+5. »a : : 
«S. mA—S.MA : 

&»* ofm+n . a. By this prop. Hence 

Cor. 5. yfj the fine of an arch : / 

iStofli of the fines of the double and Jingle arch : : 
& /£«> difference (S. double arch — «£. fing le 

arch) : 
To fine of the triple arch : 

Cor. 6. As the fine of an arch % J 

Sum of the fines of triple and double : : 
So their difference (S. triple — S. double) : 
To fine of the quintuple arch, &c. 

Cor. 7. Let r =s radius, s ±ifine of the arch 2 a 1 
/£*» *£t fine of 45+ a =: v' > and the fine of 



rr—rs 



For let a zz S. 45 + a, * zr S. 45 — A. Then, 
by this prop, as (S. fum) r i (fum lines) * + e : : 
(cliff, fines) a — e : s the fine of the difference. 
Therefore, 

rs zzaa—~ee 
but r r — aa + ** by Cor. 1 Prop. 1 $ 
therefore rr.+ rs =2aa 
« and rr — rj zziee. 

Cof. 8, What has been demonftrated in this prop, and 

firfi 6 corollaries, concerning the relation of fines and 

cofines, holds equally true with refpeft to their cords ; 

putting the cord of t the fupplement injkad of cofine, 

• and the diameter inftead of radius* 

C S c h 9* 
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JIG. 

Scholium. 

Le t there be two arches a, e j and let 

C = COf. A + E, C n Cof. A — E, 

v =z verf. a + e, v = verf. a — e, 



_ r a + e _,a — E. 

2 ' 2 

_ r a + e _ r A— E 

y n cof. , jr m cof. , 



=z cof. 2a + 2e, i zr co f. a a — 2*. Th en 

S.axS.e = z + 2x z-zr z*— a* = y 4- V xy — y 

' 2 2 

Cof. a x cof. e n ^~r— r s 

c— c 
Tan. a x tan* e = — — rr ; 

* + c 

S. a x S. e x cof. a x cof. e = — — — rr zz — k— r*» 

4 *> 

Cof. a x cof. e x tan. a x tan. e = r\ 

2 

PROP. V. 
In any two arches (ad, de), the futn of the reEt- 
anglts of the fine of one into the cofme of the other > is — 
r e8 angle of the radius and the fine of tbejum of tbefe 
arches. 

Demonstration, 
Draw nf II and. nr ± ca : then, becaufe the 
angles enc, fnr are right, therefore enf =r cnr ; 
and therefore the triangles enf, cnr and cdg are 

fimilar ; wherefore cd : dg :; cn : nr := 



dgxcn 



CD 

zzwi. And cd : co.: : en : efz: * whence ei 

CD 

— .w . — CGXEN + DGXCN 

•23 If + FI 32 ■ ■? ■■ ^ ■ ' . q. £. D % 

Cor^ 
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Cor. 1. In any two arches (ad, de), the reft&ngk F I G, 
of their cqfines — the reSangle of their fines zz the %* 
reftangle of radius and, the coftne of their fum. 

For by fimilar triangles, cd : cg : : cn : cr = • 

CO X CN . . , x 

. And cd : dg : : (cn : nr : :) Etf : 

CD * 

DGXEN a j 

NF — — = IR . And circR-»iR rz 

CD 

CGXCN-DCXEN 

CD 

1 

Cor. 2. $be fquare of the fine of the fum of two 
afcbes is 1= the fum of the Jquares of their fines + 
twice their rectangle, multiplied by the coftne of the fum 
and divided by radius. 

For let the arches a+ e = s, their fines a + e—s* 
an d e th e cofine of s. Then by this prop, s zz 

aVrr—t* +ey/ra — aa . , ladee . last 

— — ., and sszzaa + ee h — r 

r 9 • rr rr 

/ / — r — r» t_ ^ Vrr — aaX\/rr — ee 

\frr—aaxvrr—ee. ButbyCor.J. 

at • ^ 2f 

— t—^ Therefore jj:=4tf + **+ -?**• 

r r 

Cor. 3. /fr»r* // a + e = 90% /^^r * a + ** s: rr* 
If a + e r: 60, /£*/* * * + ee + * zr \rr. 
If A + EZI45, /£*» ** + **-{-* ^V'arrfrr., 
j/" a + e =: 30, then aa + ee + ae>/$ zz\rr m 

Scholium. 

This Prop, and Cor. 1. hold univerfally for all 
arches, putting negative cofincs for arches greater 
than a quadrant. 

PROP. VI. 

* 

In two arches (ad, ae), the rtftanglc of the fine 
sf the greater and cofine of the leffer — the reSt angle of 

C 2 the 
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F I G* tie fine of the UJfer and coftne of the greater, is = reft* 
3- angle of radius and the fine of the difference of tht 
arches. 

Demon stration. 
The triangles cdg, csr, and ebn, are fimi- 

_ ci x DG 
lar; therefore co : do : : ex : bi — — ^— . 

ci x 6G 
And cd : co : : eb or ei — — — — : en = 

co x ei — ci x DO 

CD 

Cor. In any two arches (ad, ae), the, reffangle 
of their fines + the rettangle of their cofines, is r= 
reSangle of the radius and the cofine of the different 
of the arches. 

For bi = ■£ ' X PG , and by fimilar triangles cb 



CI X DG 

CG 
CI X CD 



And cd : dg ::be or ei - 
co 

t)G X CI t mmmm DGXEI DG* X CI _ DG X EI 

CG * * N — ^ CDXCG ~~ CD 

CD*XCI , CG*XCI DGXEI _ , CG X CI 

__ _^_ + « ~ _ — cb i — - t 

CDXCG CDXCG CD CD 

t r DG X EI + CG X CI . _j. ^ 

therefore ■ = cb + bn = cn. 

CD 

Scholium L 

This prop, and its cor. hold univerfally for all 
arches, putting negative cofines for arches greater 
than a quadrant. 

Scholium II. 

From the foregoing propofitions it follows, that 
if radius = I. And . 
s, c- fine, and cofine of half the fum of two 
* arches; 
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s, c = fine* and cofine of half their difference j FIG. 
then Z* 

s c + c 5 zz fine of the greater ; 
s* — crzrfine'of the leffer; 
or — ss — cofine of the greater 5 » 

c * + sj =: cofine of the letter. 

Alfo 
If z = fecant of the greater arch, z r~ fecant of 
the leffer ; 
y = cofecant of the greater, y ~ cofecant of 
the leffer. 

y y 22 

Then — — fecant of the fum j ' * • 

yjr-— zz ; 

Vy Z2r 

— — — =: cofecant of the fum 5 
zy + Yz 

y y z z * 

— ^ r: fecant of the difference ; 

ry + zz 

yy z s» 
■ = cofecant of the difference. 

Z^ — Y2 

PROP- VII. 

If three arches (af, an, ap)> he in arithmetic 4. 
progreffion. 

The fum of the fines of the extreme arches : 
Ta their difference (S. greater — S. leffer) : : 
As tang* mean arch : 
To tang, common difference of the arches* 
For drawing the lines as in the figure, then by 
fimilar triangles, sob or pg+ fh t 20D or pi : : 
ob : od : : ol : of : : km : nk. 

Cor. 1. In any two arches (af, ap \) 
As fum of their fines : 

To their difference (S. greater— S. leffer) t ; 
Tang . half their fum : 
Tang, half their difference. ' - • 
For the mean arch ^ £ fum of the fxtremes* 

C 3 Or. 
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F I O. . Qcr. a. In any two arches (af, ap), 
4* The /urn of their cqfines : 

Their diff. (cof Uffer — cof. greater? : : 
jfs cotang. half their fum : 
Tchtg. half their difference. 
For ch -f- cg or 2cb : ch — co or kf : : cb : 
bh : : ro : of : : sn : nk. 

Cor. 3. In any two arches (af, ap), as 
S. greater : S.leffer : : T. Uum + T. \ diff. : T. I fum ' 

^-r. 1 diff. 

For by the demonftration of this prop, pg + fh : 
EG— tfh :: mn : kk. And by compofition and 
divifion, pg : fh : : <^m ; km. 

Cor. 4. In any two arches (an, np -,) at 
The fum of their tangents : 
Their diff. (tan. greater — • tan. Uffer) : : 
Sine of their fum : 
\ Sine of their difference. 
Let an be the greater, and make nf z= np ; 
then by fimilar triangles, q.m ; km : : (pl : fl 1 :) 
pg : fh. * 

» €or. 5. In any two arches (an, np;) as 

Tan. greater : tan. leffer : : S.Jum + S. difference : 

S.fum — S. difference. 

For let an be the greater, and make nf =r np. ; 
then ap is the fum, and af is the difference of 
the arches 5 and by Cor. 4 we have <^m : km 
• : pg : fh. And by compofition and divifionj^ 

<JM + KM OM— KM 

11 * 2 or nm : -2* — or nq_: : pg -+- fh : . 

VG <■— FH. 

Cor. 6. Let a be any arch lefs'than 45° s then * 

S ' 45 + A + cof. 45 + a : 
J- 45 + a — cof. 45 + a t : 
Radius. : 

This 
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This appears by this prop, putting an = 45% an d F I G. 

KF=JVP = A«. 4* 

Scholium. 

The proportions here delivered hold tiniverfally, 
obferving to take negative cofines and tangents for 
arches greater than a quadrant. 

PROP. VIII. 

Jn any two arches, ae, ed ; - 

Radius fquare — reliangle cf their tangents : 
Radius Square : : 
Sum of their tangents : 
Tangent of the Sum of the arches. 

For by fimilar triangles ca Or Ca -— b a : ck 
■or cf — kf : : cf : ca. Whence ca* — bac 
= cf*— - K?e, And kfc = cf* — ca* -f- bac 
= fa* -f- bac. Again, cb : bk : : cf : fa, 
and bk : dg : ; kf : fd or fa, therefore ex equo 
,<:b or ca — abjpg: : cfk or fa* + bac : 

a** ; therefore ac — ab X af* zdo X ja* + 

jdg x bac. A nd ab -f pa x af 1 = ac x 

JaF* — AB X DC. * Q^ E« D> 

Cpn. 1 . Let t, / he the tangents ; x, #, the cot an- 

gents of two arches ; then — — = — : — = cotan~ 

gent of the fern of the arches. 

For let r — radius, r zz cotangent of the fum. 

'Then ac = — > and ab + do x rr — — X if— ab 

- - " ' , rr— ab x DC rtSt.c0t.r-rr 

x do 3 whence t = — r — r - — ■■ •' ■ ■ / ■> » 

AB + DG - yaw. COU. 

« 

C 4 Cor. 
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FIG. Cor. 2. If one- of the arches be 45% / = tang* other 

arch 1 then — — X r = tang.fum of the arches. 

* 

S C H 1 I V M. 

What belongs in general to the addition of tan- 
gents and cotangents, is delivered in this prop, and 
• its cors. All cafes where the arches are greater than 
a quadrant will eafily appear by putting negative 
tangents and cotangents for thefe arches. 

n 

P R O P. IX. 

In any two arches ad, ae ; as 

Radius fqu are + rc&angle of their tangents : 
Radius fquare : ; 

"Difference (or tangent greater — tangent lejfer) : 
tangent of the difference of the arches. 

For you will find as in the Jaft prop, cb : dg : : 

C?K Or Jf A* + BAC : FA% / Qi, E. D. 

Cor. j. Let t, / be the tangents, x, x the cotan* 

•' - r * l *l rr+Tt rr+xx 

rents of two arches ; then zz ■ > = co- 

* J t — / * — x 

tangent of the difference of the arches. 

This appears by putting — for the tangent of 
the difference. 

Cor. 2. If one of the arches be 45% / = tangent of 
the other, then — — r zz tangent of their difference = 
tan. 4$°*- the other arch, when the other arch is lejfer 
than 45 $ or-rr-r = tan. the other *rcb*-45 > when 
greater. 

S C « Q- 



5- 
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For arches greater than a quadrant, put negative 
tangents and cotangents. 

P R O P. X. 

The fecant of an arch is equal to the f urn of the tan* 
gent of it and the tangent of half its complement. 

For let Azzarch, t its tangent, / its fecant; a ~ 
i complement, / its tangent. Then by Schol. 

Jrr. ii, / =z , and t = r-, and /— ?r/j 

whence Fecant of a = tangent of a + tang, \ com- 
plement of a. 

Cor. i. The fecant of an arch — cotangent of half 
the complement — the tangent of the arch. 

For/ + t = — = cot. a = cotang. f compl. of a. 

Cor. 2. Half the fum of the tangent and cotangent 
of an arch is zz. fecant of the difference between that 
arch and its complement. 

For by Schol. Pr. n, f tangent + \ cotangent = 
cofecant of the double arch ; and the complement of 
the double arch is the fame as the difference between, 
the arch and its complement. 

Cor. 3. As radius + fecant : radius : : tangent : tan* 

gent of half the arch. For r + ~^ t r or ~T t ir:: 

-^■:/. See Sch. Pr- ii. 



Cor. 4. Secant of an arch a r= tangent of 45 + i a* 
— tangent of a. This follows from Cor. t« 

Scholium.. 
From what has been before laid down, it will not 
k>e difficult to find the fines of as many arches as we 

will, 
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F I G. will, exprefled in furd numbers. As in thefe follow- 
$• ing, where the prop, in the margin (hows whence 
and how they arc derived, either immediately, or by 
help of what ftep. 



Pr. iv, 7, Step 8. 
Pr. iv, 7, and 11,3. 

Pr. iv, 7, Step 6. 
Pr. nr, Step 12. 

Pt. iv, 7, Step 2. 
Pr. iv, 7, 

Pr. iv, 7, Step 2. 

Pr. iv, 7, Step. 4. 

Pr. iv, 7, Step. 6. 

Pr.f, 1, Step 2, 

Pr. iv, 7, Step. 8. 
Def. 2« 



3 



i 

2 



S. 15* = fr s/z—x/z. 
S. 18 =rX^£Hl. 



S, 22 f r \r </i—\/i. 



— 2 . 



4 S. 30 

5 S. 36 
. 6 S. 45 

S. 54. 

S. 60 

S. 67 \ = \r %/2+%/a, 



zrX 



\* v/3- 



10 S. 7a ¥=•$*■ ^jo+^v/5* 

n S. 75 = \r t/a+v/j. 

12 S. 90 i:n 



And thus you may find as many fines as you plcafe 
by Prop, hi, Cor. 6, 7, 8, 9. And Prop, iy, Cor* 
7, and Prop, v, Cor. 4, 5, by the help of theie al- 
ready found i but then they wil] be ftill more and 
more compounded with furd quantities, except you 
chufe to extraft them. The fine of 1 8 in ftep the 
fecond is not fo eafily derived as the reft ; k is had 
thus. Put s = S. 18. Then by Pr. iv, 7, S. 36 = 

y/ •* and by Prop, n, 3, the fame fine of 36 = 

— v fr— ss; which equated and divided by VV— s, 
and then reduced, you have a cubic equation, 8 J+ 
$rjs = r\ And the root is s ~z V' 5-1 x r. 



SECT. 
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S E C T. II. 

fTbe calculation of natural fines % f tangents, and 

fecants of arches. 



PROP. XL 

Tie radius and fine ab of an arch db being given { FIG. 
to find the arch. , 6. 

Take the arch *b infinitely (mail, and draw bj I' 
cd 3 and bsu II ba j andjet cb or cd =: r, ab rzy 9 

DB n z, ca r \Zrr-yy, *b n z, sb zz y. The 
triangles cab, and Bsh are fimilar ; therefore ca 

kYrr—yy) : cb (r) : : sb (y) : Bborzzz^^^. 

« • f 

And the fluent is z =y + -^ + -±L- + 3 ' 5 * - » 

3.2r* 5.2.47* 7.2.4.61* 

+ ■ * S 'l* » &c,orarchDB= - y+ T ^-A+ 23Z!a 

9.2.4.6.8. r 8 ' ■ -^ 2*3rr 4*S rr 

+ |fl^ + "g~7s D > &c * Pitting AjBjC, &c, for the 
firft, fecond, third terms, &c. 

Cor. 1 . If d = diameter, c r= cord of an arch ; then 

tbearcbzzc-i — ^a + ~^-4;B + J e . % c, &x. 

2.3^ 4*5« 6.7a* 

Cor. a. Z**/ qjs * quadrant 3 /fa* //&* *ra& wbofe 
toftne isy is = <v-jr - — t - ^-^ - ^ 6 ? r < 

Or rt* *rrf> wj?w/fc cofine- is y is ~ - + ■■ , 

f& —mm y* yf .... yj 

PROP. 



' / 
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The arch bd being given ; to find the fine ba. 
Let cd zz r, ab— y, arch db zz z. Then by 

Prop, xi, i; z:^, , and rr—yy xz x = rry 1 : 

this put into fluxions, making z conftant, we have 
— 2yyz x zz irryy, or rry zz — jri;*. Now when 
z is infinitely fmall, z =y -, therefore affume, 
y z= z+ bz* + cz % + </z 7 fcc, 
then jr zr ij + 3 bz z z + 5 r * 4 £ + 7 <te*£ &c, 
and jf = 2.3b zz 1 4- 4-5 cz % z x + 6^dz s i^ &c> 
then rry zz — jf 2;* \ that is, 

s^^rrzi* + 4.$crrz l z % + 6.*jrrdz s z x + &c, 
= — zi;* — ^z* — cz'z* — &c. 

Therefore, equating the coefficients, b zz — — > czz 

■ ■ " 3 d = r , f zz 5 , &c ; and y zz 2 — 

, z i z* & c that is, y zz z * — + 

z 5 z 7 a f 

2 z — £ + &cj that is, 

2.3.4.5 r 4 2.3.4.5.6.7 r 6 

r zz ZZ Z2 

y or fine abuz a b — 7 c— 

2*$rr 4*5^^" o.yrr 

s d, &c ; where a, b, c, &c, are the foregoing 

terms with their figns. 

Cor. 1 . If z be any arch, its cofine c a zz r — 

zz zz zz zz 

A _ B — ~ — c — — n — D — - &c. 



i.2rr 3-4**r 5-6rr 7.8rr 

T7 y— - . >f Z 4 2Z~ ■■ 

for ca—v' rr,— yy=\/rr—zz+— ~~ TT^H 



z 4 2Z 6 • %* 



yr 45 r* 315^ 



, r ' ' ■ zz . z 4 % a 6 



&c =: r — J- 



% 



i.2r i.2.3^r 3 1 . . . . 6r 5 

7777^7 ~ &c - 



Cpr« 
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Cor* 2. If d be the diameter, z any arch ; then the FIG. 

, zz zz zz zz 6» 

COrd =12 7 - A r, B - — 7, C — 5 7^ D 

2.344 4.5 da b.jdd 0.94/4 

— -&C. 

PROP. XIII. 

The fine and cofine of an arch a being given ; *#J */ 
there be given another arch z j to find the fine and co~>. 
fine of the /urn of the arches a + z, and alfo of the 
difference a — z. 

Let s, c be the fine and cofine of a. And by 

Prop, xii and Cor. 1, the fine of the arch z is z — *• 

% 3 z 5 a* 
7— 2^ 1 &c zz b. And its cofine r — (- 

6r* i20r* 2r 



z 4 



*4 



-5 &c = d. Then by Prop, v and Cor. i, and 



JD + CB 



Prop, vi and Cor. — - — zzS.A + a. And 

r 

*D — SB ' ■ ■ SD — fB n 

1 ■■■ = col. a + z. And — rS.A — z. 



JB + «> 



And — — — zz cof. a — z ; that is. 
r 



S.a + 2 =z 



c% sz % cz* sz* 



r l.2r* 2.3^ l«2«3«4r 4 



£Z' Q 

— &c. 



1.2.3.4.5^ 



SZ Cx % . sz* cz* 



Cof. a^-zzz c ; H 7 H -1— 

r ir % 2.3 r 1 2.3.4^ 

-&c. 



u ! 



a.3.4.5 r» 



S* * 



c% sz % . rz 3 iz 4 



rz s 



-Z. -J- , M —__ 

2r* 2.3H 2.3.4 r+ 

Sec. 



3.3.4.5 r 1 

Cof. 
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FIG - cot.7=Z=c + x -'£-&+ <* 



sz* 



2r % 2.3 r* 2.3.4 r 4 



-4 p - &C. 

a-3-4»S r 

Cor. 1. i/* there be given s, c, the fine and cofine 
of an arch a ; and s + x be the fine of another arch 

a + z 1 then the difference of the fines x — — 



cz s% % 



%r % 



c% 2 SZ+ 



+ -^-z. G?r. 



s* 

2 



2.3 r 3 ' 2.3.4^ 

^»J the difference of the arches z zz — X 2 # «+• 

c 
* % . rr + 2ss , *r % +2ss A c * 

» I - > V 

For by this prop, the line of a + z, or j + # r= 
s + — — &c, and at = — — — &c, and by 

• r 2 rr ' r 2rr ' J 

rcverfion of feries* z is found as above. 

Cor. a. tfbefecond difference of the fines of a — z, 

a, a + z, ts zz is x : » ? + 

* ■ * ~ i.2r* 1.2.3.4^ 

fly 

— — 7-t — 6fr; /for * n an y three things, the 

1.2.3.4.5.67* A ■ ' & ' 

fecond difference is equal to the difference between 

twice the mean, and the fum of the extremes.) 

PROP. XIV. 

* 

6» Iht verfed fine of an arch db being given ; to find 

the arch. 

Let c d = r, da — v, auzz. v, db = z. Then 
ab zzx/zrv—vv. The triangles cab and zsk 
are fimilar, therefore v/ar^— # t; : r : : <z) : si or z— 

;>■■ " . And the fluent is 2= v zr^ x : i+, 

v arv-vv 
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^3lL- + -JkiZL , &c. that is, arih d* F * G - 

3-4r 5.8r 7^2r $.t6r . 



&c. Or rather dbzzv/AH — ^-a + .3Z. B +£Z C 

2 *3* 4*5^ 6-7* 
&c, putting rf zz diameter j where a, b, c are the 

foregoing terrns. 



aa 



Cor. i. In any arch a> the verfed Jine is = — — > 

3.4/* 5.6 r a 7.8/-* 

<w the^ foregoing terms with their Jigns. 

For radius — cofme is equal to the verfed fine, 



a % 



and by Ctfr. t Pr; xn, the cofine is r — -* h 

&C, 



1,2.3.4^ 



Cor. 2. STZtf coverfedjine of the atfb a, is zz r 



a 3 a 5 , a 7 



4 -} % — - H 7 — 5- &c j for it is . 

2-3 r 2-3-4-5^ 2.3.4.5.6.7^ 

zz radius — fine. 
Cor. j. Verfed fine of the fuppletnent is zz 2 r ■— 

aa aa aa aa 0- c 

A iB r-a C 1 T - S P *^ C » for K 



i.2r* " 3-4*"* ~ S«6r* 7.8r 

is zz radius 4- cofine. 

« 

PROP. XV. 
The tangent dt of ah arch db Jrifcf given i to find £ % 
the arch. 

Draw c/ infinitely near ct, and m i- c/$ and 

let cd zz *■, dt zz t, Tt zz /, Dl zz Zf dr 

\Zrr + /-/.' 

The triangles cdt and rtn are fimilar, as adfb 

czk and ct»j whence ct : r : : t : #t z= — , 

* CT 

and 
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FIG.. ri. t rri . 

* *nd ct : »t or — : : r : *b zz — - j that is, z =3- 
u. CT ct* ' 

rri 



rr+tt 

t* t % t 1 

And the fluent issn / * + - 1 -^,— ■ — <+ &c* 

* 5 * 5 < 7 t° 
that is, arch db = / — — * + --v -* 4 s &c. 

J v ?r* *r* 7r or 1 



9 



a' 
Cor. i . 7» any arch a, the tangent is — a + — + 

2fl s i7<2 7 62 a* , 1382*'* , 21844a' 1 

^ 3i5 r6 2835** + 155925^ + 6081075^* 

929569*" 
^ 6385128751" +0CC * , 

This will appear by reverfion of the feries a n / — 

fit 5 
rpe + — ; &c. Or rather by multiplying the fine 

by the radius, and dividing by the cofine: thus 

r* — r &c 

6r 120 r* 

„ . = tangent. 

r 3 &c 

2r 24^ 



rr 



„ Cor. 2. Vhe cotangent of an arch «/; = *-—-- 



3 0% ~* j - * ^9 



a* 2 <r ** 



2j£ 1382 c" 



45 r* 945 r* 4725^ 93555^ 638512875/-*° 

8 * ia , — &c, tf s will appear by dividing radius 

fquare by the value of the tangent in Cor. 1 . Or the 
cofine by the fine > and then multiplying by radius. 

I 

Cor. 3. Hence alfo if r be the cotangent of am 
arch, then thearchzz — — — . + — : — —« + r-o"* - 

T 3T* 5T 5 JT 1 9T B 

&c. Fort~ r ~. 

T 

PROP. 



Sea.n. c/TRIGONOMETRY. 33 
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PRO P. XVI. 

The fecant ct of an arch db being given*, to find * *V* 
the arch. 

Let cd n r, cr —f, nt =f, dt = y/ff — rr> db' 
= z t then by fimilar triangles, dt : r : : /: nrzz 

• • • 

r f A r r f ~ rr f 

-*-, and y:r :: » t or -^- : # rz 7 — J - — , or % = 

DT* ^ DT /X DT* 

^; and the Fluent is 2 = -7- — — ^ *■ 



fy/ff-rr* ~ f 2.3/ 2.4.5^ 

— ■ *';? ■ n &c. but in d, z zz o, and /:z r, therefore 

2.4* 0*7/ 

the Fluent corre&ed is, arch db or 2 rz r X : —rr- -f 

2-3/ *-4.5/ 5 + 2.4.6.7/' + **• * 
Or /toj, In the point f, z zz a quadrant a,, and 
/":z infinity. Therefore the whole feries = o. There- 
fore by correftion z — <^r= o — ~ ^ &c. 

11 rr r* rr 6 

whence arch z or db it q_ y. — - 
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r 



8 



/ 2.3./* 2.4-5Z 5 



— &c. 



2.4.6.T/ 7 

Cor. 1. if <r be the cofteant of an arcb, then the 
arch «=- + —,+ -£lr + 3 ' 5r ' . + &c. /«r 

<r 2.3^ 2.4.5c- 5 2.4.6. 7<r ' 

/jWj # j /£* complement of the arch whofe fecant is <r, £y 
this prop. 

Cor. 2. In any arch a. the fecant nr+ — 4- -5— , 

. 2r 24T 1 

61* 6 277*' . 50521^'° 54Q5S3 fl " , &t 

"*" 7 20r 5 " r 8o64r 7 "■" 3628800^ "*" 958003207-" "^ t# 
For radius fquare (>r,), divided by the cofine (r— 

— + -^-t ) &c. is n fecant. 

D Cor. 
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Cor, 3. The cefecant of an arch ais — — J- -7 + 



36or* I5i20r* 6o48oor 6 342T440P" 

the fine rr cefecant. 

Scholium. 
If an arch be given in degrees, its length may be 
found thus. When the radius of a circle is 1, half 
the circumference is 3.14159265358979, therefore 

7.141 59 fcc. , . , 

• "J =,01745329251994 = length of 1 
degree. Therefore if r be the radius of any circle, 
then r x ,01745 &c =r length of the arch of 1 de- 
gree in that circle. Confequently r x.01745329 &c 
X number of degrees and decimal parts, gives the 
length of the arch. And this muft be taken for # 
or z in the foregoing propofitions. 

_ arch arch X 57.70578 

Degrees =: = ■■■ - ■ ■ . 

6 -oi74533 r r 
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SECT. III. 

$he calculation of logarithmic Jines, tangents^ 

and fee ants. 

Tho' the finding the logarithmic fines, tangents, 
c, is no more than finding the logarithms of the 
ttural ones % a table of logarithms : yet thefe 
garithmic fines, tangents, &c, may be found with- 
it the table of logarithms, or elfe without the na- 
tral fines or tangents, and fometimes without either, 
f having only the arch given. 
The logarithmic or artificial fines, tangents and 
cants are calculated to the radius i with 10 cyphers . 
tnext, viz, ioooooooooo ; fo that the log. radius 
ill therefore be 10. But in calculating thefe fines, 
agents, or fee ants, we can more eauly compute 
em for the radius i, and then adding 10, gives the 
g. fine, tangent, or fecant, to the radius of the 
bles. Therefore, 

In a circle whofe radius is I, the log. of that ra- 
us is o, and the length of an arch of i degree 

; 3*H\59* S3 =,91745329252 1 and this num- 

r multiplied into any number of degrees, gives 
the length of the arch of thefe degrees, for thera- f 
dius 1 : and this length muft be ufed in the follow- 
ing propofitions, when the degrees are given. 

Now if you put m =,4342944819, and having 
any quantity given (ex pre (Ting a fine, tangent, &c,) 
you have no more to do but to divide the fluxion of 
that quantity by the quantity itfelf, and find, the 
fluent by infinite feries, which multiplied by m is 
the logarithm of the quantity required. 
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PROP. XVII. 

To find the logarithmic or artificial fine of the arth x 
Let y zz hat. fine of x> then by Prop. xu,yzz x 

X 7 ' - 

&c, where mi. Andyzzx — 



* 3 , * S 

_ _|_ - — 

6 120 



2 • 

* X 



' A. • 



x 6 i 



5040 



y _ * 



3 • 



XX 

3 



+ — &c; thenby.djvifion— ~ — 

24 720 i ' * # 

' — &c i and Fluent of m— , or the 

45 945 47*5 J 



log. y = log. # 



6 180. 2*35. 



.8 



+ 



S78OO 



+ &c ; to which add 10, and you have the loga- 
rithmic fine in the tables ; and that without know- 
ing the natural fine, j» 



Otherwi/e. 



_ *— y 



Let z zz — ~ , where y zz nat. fine ; then will 

-y :=: — — , and — = r*-J2 x : 2 + *~s + 

•^ 1 + z y 1 — zz 

■ • • • 

a 4 £+' z 6 £ .&c ; whence Fl. m~, or log. y zz — 2M 

y ' 
X : 2 + t z * + \z s + 4 2? & c - And the log. fine 
of the tables zr ro — 2M x : & + |z J + |z J -f 
4-s 7 &c i which is had without the table of loga- 
rithms. 

Or thus. 



y — zz . 



Fl. 



Let^rrnat. fine, zrcofme. Then^rr %/i — za^ 

2 ? i; — z s z &c 3 whence 

&c j and 



and £' = 



I m x : 2 -I 1 h — 

234 



log. fine of the tables zz ip — 

i-2 6 + |2 8 &C. 

And thus if you have any other line or quantity 

in the circle given, by which you can compute v the 

io line, 
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fine, you may, from that, find the log. fine. And 
the like may be done for the tangent, or fecant. 

Cor. Hence if s ■'= log. fine of \ a. half an arch 
given ; then' the log. verfed fine of a zr .3010300 •+■ 
is — 10, for the tables. For rad. x verfed fine zz' 
a fine fqua^e of the half arch, by Cor. 2 Prop. 11 ; 
and .3010300 zz log. 2. 

Or thus. Log. vcrf. of arch x n 10.3010300 + 

a log. |*-2Mx:-7 + TTTTT + TTToTT + ' 



x 



.8 



4 4 -378oo 
log. f #, - 



4.6 - 4% 1 80 ' 4^.2835 

&c: for s (or the log. fine of ix) zz 10 + 



m x : — 1 + : Q 
4.6 16.180 



&c. 



Or lafily. If z zz cofine, then log. verf. zz 10 

>* X : zH h — 1 h — &c. For 1 — z 

a 3 4 5 

verfed fine, and its fluxion zz — z — zz 



z'z&cci whofe Fluent is 
&c. to which add 10. 



1 — z 

- m x : z + izr -y\z 



PROP. XVIII. 

The arch x being given, to find the log. cofine. 

By Cor, 1 Pr. xu the cofine y tzz 1 - 



xx 



+ 



9t 



x b y 

—— &c ; therefore ^ = — xx 

720 y 



~r X vv 



24 

77*'* -"TTZ* 7 * &c 5 and th e Fl. ^ or log. y= 
15 315 jp ^ 



m x : f* x H # 4 H * 6 + 



17 



* &c. And the 



12 45 2520 

tab. log. cof. of the arch x is zz 10 — m x : ix % + 

D 2 — #* 

^3 12 
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— x+ + — x 6 + — — x* + &c. And that without 
12 45 2520 

cither the nat. cofine or the table of logarithms. 

Or the log. cofine maybe found in the fame man* 

ner as the fine, in the two laft methods in Pr, xviu 



PROP. XIX. 

Given an arch z> and thifine and cofine of an arch 
a ; to find the log. fine and cofine of the Jum a + z> 

and alfo of the difference a — z* 

Let the nat. fine and cofine of a be s % ci andy zz 



cz sz % 



S. a + z. Then by Prop, xin, y zz s + — — -r- 

cz l , « + , y cz zz czz 

— — — I &c 5 and — = — — • • 1 r— -— 

6 %$ y s ss r 

1 -4* ice y 

— z l z &c j and the Fl. *&*- or log. y zz M x : 

cz z 1 cz* 1 + 2cc . .. , 

S Q.SS 2 s l2S 

y zz s, therefore by corre&ion, 

CZ 2»* 

Log. y — log, s zz m x : -?■ — — &c. Whence 

s iss 



the, 



cz z z . cz* 



Log. S. a-+- z zz log. s + m X '• — H ; — 

I *4" ICC 

, z 4 &c. And after the fame manner 

I2J 4 ■* * • 



CZ . 2* . *2* 



£<?£. S. a — - z zz log. s — m x : + — + "TT + 

* * ' r ass y* '' 

1 + *tc 

z+ &c. 



1 2 f 



Leg. 






Scft. m. */ TRIGONOMETRY. 39 



sz . z % 



Log. Cof. A + Z = log. C M X • — * + <— + 

<4 + i±i£i * &c . 

3* J 1 2^ 



JS 2* 



Log. cof, a — 3 =: log. c 4- M x • — — — — + 

C'Q.CC 

s%* 1 + 2JJ . 
— r — S 4 &C, 

1 

PROP. XX. 

The arch x being given, to find its Ipg. tangent. 

* 

By Cor, 1 Pr. xv the tangent / =z x H — x* + 

±x 5 +21-^&ci thereforelz=*+i*x + !**'* 
15 3*S * * 3 45 

+ l^i x 5 x &c$ whence log, tan. / z: log. x + m x : 

i.tf + 2.**+ J^^ + -iH-**&c: to which 
3 90 2835 18900 

add 10, 

Otherwife. 

To find the kg, tan. of the arch a + x> the tan. of 
(be arch a being given. 



J^et tan. a = a , tan. x = t, y = tan. a + x. 

Then by Prop, vm, ^ = ,* + / , and y = ! "Tif /» 
, 1 — at' / !_*,* * 

./ a + i — aa . t — att a 



*-~ aa +u„l- 



*=- , then^=£x -i-*cti +i+cc.tii 



2e + e. '• /* / &c; and Fl. m *- or log^ 55 i m x : 

P 4 t — 
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* 

t—lctt+ l + cc t* — 2c + c 't*&cc. But when x 

.. 3 4 

atad t zzo, y = a; then by correftion, log. y — log, 

a zz bu x *• / — \ctt &c; that is, 



Zqj. te#. a + a; zz /^g-. /*/*. a + bu x : / — 

fr// + l + CC P — 2 ' +Y V &c. And the fame for 

3 4 

the log. tan. a — x> changing the fines of the odd 
powers of /. 

But if a zz AC 9 , then azzi, and ^ = : — = 

... y * — " 

it + 2/Y + it*t &c. And confequently log. jorFK 
^21 = 2M x : / + t /J + t' 5 &c. That is, 

y 

■ /J /S #7 

£*£. /*«. 45 + # zz 2 m x *• / + — + — + — , &c. 

3 5 7 

But if inftcad of/ you put its Value x + Lx i •+*' 

3 

— * s &c, and the fluxion for the fluxion, then will 

l 5 . 

JL— =<lx:x + 2xx + IfVx + m x 'x &ci 
J — " J 45 

whence log.^, or %. tan. 45+*=: a m x :x H — ** 

+ 2.*' + M 4 .*? & c . Andlikewife 
3 3*5 

Log. tan. 45 — x zz. — 2M x J / + — + — &c 

3 5 

c= — 2m x : x + l* 3 + _,*' &c. To each of which 

3 3 

add 10 for the tabular log. tangent. 

Cor. 
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Cor. the log. cot. of x — 10 — log. x — M x : 

£ + l_x* + Jl *« + J*L* &c. 

J 9O 2 ^35 I89OO 

^»</ &f . £<?/. a + x is the fame as the log. tan. of 
a — x, found before, 

PROP. XXI. 

To find the logarithmic fecant of a given arch. 

Let x be the arch, y its fecant ; then by Cor. 2 

Prop, xvi, vzi + ^ + i^ + ii/ &c 1 

24 720 

whence 2 = xx + ±x'x + — x*x + — * 7 * &c j 

V x x X* X 

then log. y or Fl. uZzzu x : — + — + — + 

y 2 12 45 

*7* 8 . 31 



,+ —^ — ~x Xo &c i £**;* /£* tab. log. fecant zz 
2520 14175 

10 + m x, :£+-— + — + iZf! &c. 

2 12 45 2520 

Or thus. 

To find the log. fecant of 45 + z, l et log. fecant 
45 = j. By Prop, xix, log. cof. 45 + z zz log. cof. 

45 — m x : — + &c = (becaufe jr^rzi) 

c ^icc 

log. cof: 45 — mx : z + zz &c; but by Cor. 2 

Pr. 1, fecant x cofine zz 1. Or log. fecant zz — 

Jog. cofine. Therefore, log. fee. 45 + z zz log. 
fee. 45 + mxjz +22+ &c ; that is, 

Log. fee. 45+z = j + m x : z + z z + $z* + 
4** &c. 

Cor. The log. cpfecant of an arch x is zz 10 ; — log. 

# + m x : - 4- — + JL^ + JL- &c. For. 

6 180 2tfj<; 37800 

log. cofecant = — log. fine, when radius is 1. 

Or 
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Of log. cofecant of 45 + z, or log. fecant 0/45—* 
zz s — M x : z — z % + £z 3 — £fc 4 &c, by this 
prop, changing the figns of the odd powers of z. 

Scholium i. 

Having the log. fine, tangent or fecant given, 
the arch belonging thereto may be found by the re- 
verfion of feries. As fuppofe there is given t, the 

log. tan. 45 + x, then t = io+ jmx '^ + 
t* s + t* 5 & c > by Pr. xx ; and x + $x J + £x $ 

&c = 1 . — zz I fuppofe i then by reverfion x zz / 

2M 

— \l* + if F &c ; and ?_ — ; z: degrees in x. 

15 >°i7453 2 

Again, let there be given k, the log. fecant of 

45 + z, then by Prop, xxr, k := J -f- m x : 2 + 
** + * z» &c; then z + z z + r z * & c = — — - = L 

M 

Then by reverfion, zr/ — // + •}/* &c ; which 
divided by ,01 74532 will give the degrees in 2. 

Scholium ii. 

In any arch let log. radius = r =,ip. 

s zz log. fine, / zz log. tangent, /zz log, fecant, 
e zz log. cofine, ? zz log, cotangent, f zz log.cofecant. 

Then 

szzc + t-~ rzzt + r — /= e + r — rzzzr — «■• 
c zzs +r — tzzir — /= 1 j+t — » f =: t + * -— - *• 
tzzs + r — czzir — t. n 
rzzc + r — szzir — /. 

fzz t + r — s zz y — s — t r: <r + r — rzz ir> — r, 

€ZZr + r—c zz y — c — -/ =/+ r — / = *ir — s. 

And log. verf. zz 2log. fine of iajch — 

9.69897OQ. 
And log. verf. fup. = 2 log. cof. f arch — * 

9.6989700. 

By 
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By what has been delivered in the two lad fc&ions, 
the fines, tangents, and ftcarits, of all arches, whe- 
ther natural or artificial, may eafily be found ; and 
from thence the table of fines and tangents may be 
conltru&ed, with great cafe and expedition. Or 
any particular numbers in the tables may be com- 
puted anew, and any errors corrected therein. But 
the nat. fines and tangents being firfl found, the ar- 
tificial ones are moft eafily had by a table of loga- 
rithms; for this reafon I have not continued the 
feveral feries in this laft fedtion to any great number 
of places t intending rather to give the reader the 
principles of calculation than the calculation itfelfi 
lince in all probability there will be few perfons who 
will take the pains to calculate them anew. But if 
any has a mind to do it, he may himfelf continue 
any of thefe feries as far as he pleafcs. 



* E C T. 
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SECT. IV. 

Tie calculation of the fnes, cofnes, cords % &c* 

of multiple arches. 



PROP. XXII. 

FIG. If a trapezoid bcde, wbofe fides we, cd Are pa- 
I9« rollely be infcribed in a circle ; and the cords bd, ce be 
drawn ; I fay* bd 1 — de* = bex cd. 

Make angle ebo = cbd, then ebd zz cbo ; and 
fince beo = cdb, therefore the triangles bcd and 
boe are fimilar, and bd : cd : : be : oe, and 
bd x oe z be x cd. Alfo fince angle bco == 
bde, the triangles bco and bde are fimiiar, 
whence bd : de : : bc : co, and bd x co zz de 

X bc =r- de*. Therefore bd x oe + oc =: be x 
cd- + de* s that is, bd x ce or bd 4 = b e x cd 

+ DE% Or BE X CD = BD X DE* ZZ BD + DE X 

BD — DE. 

Cor. i, If a be any arch, and bc or de zz n times 
a, and ed zz m times a. Then, 

As cord of m — n . a : 
Cord . fflA + cord . nx : : 
Cord . tha — cord . n a : 

Cord . m + n . a. 
For cd is the cord of m — n times A, and be of 



• • 



m + n x a. 

Cor. i. As cord of a : 

Cord . n + i . a + cord . »a 

Cord . n + i .a — cord . n a : 

Cord . %n + i . a. , 
This appears by putting mzz n+ t, or cx> zz a. 

* Cor 
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Cor. 3. As cord of m — 1 . a : 
Cord \ m a + cord . a : : 
Cord ."»a — wrf . a : 

C^rrf in + 1 • a. 
Th& appears by putting n — 1, or cb or de r= a. 

Gor. 4. Jjf three arches c d» bcd, bcde are in 
arithmetic progrejfion, bd* — Bc a = cd x be. 

• PRO^. XXIII. 

1 

In the circle aeb, whofe diameter ft ab, // the 
arches ad, ef, fg £* /*£#» equal to one another, and 
the cords b6, be, bf, bg drawn. If*y> • 

./ft rwftttf cb : fwrf bd : : Jfb the middle cord m : 
be + bg x thefum of \ the extreme cords. 

For produce be to h, and make fh ~ fb ; then 
Z-fhf *= hbf zz fbg j and draw the cords ef, fg. 
Then the angle bef = bfg + fbg, both (landing 
on the fame arch fgb. Alfo bef = efh + ehp 
zr efh + fbg, therefore ef'h =r bfg. And the 
triangles efh, fbg are fimilar &nd equal. Whence 
he = gb* and hb — eb + bg. Alfo the triangles 
dcb and hfb are fimilar, therefore bc : bd : : bf : 

BH Or EB + BG. 



45 

FIG. 
19. 



Cot. If arch ad s= a, arch bf =z n x a. Then 
As rad : 

Cord ./up. a;: 
Cord . ha : 

Cord . n — 1 . a + cord . n -+- 1 . a. 
And the fame holds in refpeft of the, cords of the 
fupplements of thefe arches, if a? be fuppofed to' 
be made equal to »a. 



SCHO- 
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Scholium. 

If the cord bo lie on the other fide of b, thea 
bg is negative. 

PROP. XXIV. 

The fine and cqfine of an arch being given 5 to 
- find the fine of n times that arch. 

Let x zz cofine, y = fine, given. And a the 
given arch, and at prefent let radius = 1. Then 

by Cor. 7 Prop, m, a x x S. n x rr S. n — i. a + 

S. n + 1 . a; whence S.»+i.a = 2*xS.»a — 

S. »— 1 . a* Or, becaufe x x + yy = i , S. n + 1. 

a*zz 2# x S. nA—xx + yy x S. * : — 1 . a. That 
is, if any fine be multiplied by ax, and the next 
preceding one multiplied by xx +yy, and fubtrafted 
from it, gives the next following line. Thus you 
will have 

S. A —J* 

S. 3a = 2xy. 

S. 3A = 3*>— y\ 

S. 4A = +x*y — 4*7*. 

S. 5A = 5X 4 jr — io**^* -f y'» , 

&c. 

In what follows, if a denotes any variable quanti- 
ty, then I denote its fir ft and fecond fucceeding values 

by a, a, &c; and its firft and fecond preceding values 
1 2 

by a, *, &c; and fo of others. And with thefc I 

— 1,-2 

proceed according to the method of increments in 
calculating the following propofitions. 

Suppofe then any arch, as »a, is reprefented in 
general thus, S.» a zz nx n ~ l y — ax n —*y* + bx*Sy* 
■ — &c : then according to the conftrudtion of fines, 
before mentioned, we fhall have 

* anx'y 
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r 2«*» < y— 2<*#»— 2 > 3 + 2£*»— 4/ — &C = S.»A X2* 9 

\ — nx n y+ ax**-*)*— bx»— 4y $ — &c-j 

^ —1 _i —1 ^_ ** **" y y * 

I — » + * J S.» — I. A. 

r=» + i.x n y — ax»-~*y z + £x»— 4/— .&c =2 S. » + 1 . A. 

1 1 

Hence equating the coefficients of the homologous 
powers,» + I =•*»— »,andii=»— »; thatis,ii=:i* 



Likewife tfzra^— J+»,or^z=2tf— tf+»,whencetf— 

I — 1 —X XX 2 

2 a + a ;= » *, that is, a~n. And the integral is a ~ 

— . and the integral of this is a zz ~ z —\ (for whea 
% 2 • 3 

if » 

= 3, a= ~*"~ l = 1). Again, ^= 2^ — b + a, 

2 • 3 x —1 —1 

or b = 25 — £ + * , whence 5 — 2# + b = ^ or 

2 X A I 

n nn 

h~ a — ~ a ~ T - . , whence b = "" 3 "" 1 "" 1 , and J;= 

n n n nn 
"~ 4 "~ 3 ~ 2 -"" l , In like manner czz b, and r = 



2.3.4.5 

n n nn 



•• 



— — * — * — I — I ■ ' ■, &c. Whence %.n\ — nx n -~ l y 
2 . 3 .4.5 .6.7 ' 



» . n — 1 . n 



1 . 2 . 3 



— tx n —iy + 



n . n — 1 . — 2.0 — 3.0 — -4 

x n —$y $ &c. Or 



2.3.4.5 



, _ »**— 'y — 1.0— a.yy 
putting rirrad. S. wait — j £ — — a— 

4 . 5## b . yxx' 

where a, b, c, &c, are the preceding terms with 
their figng. 

Cor. 
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Cor. If you fuppofe r to be the diameter* y the 
cord of an arch, x the cord of the fupplement 5 then 
the foregoing feries will be the cord of the multiple 
arch. 

PROP. XXV. 

The fine of an arch a being given ; to find the fine 
of n a, or n times that arch. ♦ 

Let s zz fine of a, z = fine of a. Proceeding 

as in Prop, xi, we lhall have a = , =, and 

1 v rr — ss 



rz __ rns 



ff a =c N - — . ■ ; whence rr~ssX 

y/rr — zz v'rr — ss 

% % zznni % X rr — zz, this in fluxions(puttingicon- 

ftant),will be rr — ss X izz—2ssz 1 -zz — 2nns x zz > 
and rrz — ssz — ssz + nnzs*zz o. 

Affume z zz a s + bf + cs s + ds 7 &c. 

then z zz as + 3^iii + 5^^ 4 i + yds 6 s &c. 
and £ = i.^bss 7, + 4.5 ^i* + 6qds s s % &c. 

Then by fubftttution, 
rrSI a."3^rrw*+ 4.5fm 3 i x + 6jdrrs*s* &c. 

— JJ2 



SSZ 



^i* 



$*■+ 4.$crrs*s % + o.ydrrs 5 ^ &c. "I 
— 2.3^ 3 i l — 4.5 «?i* &c. l_ 

+ »»tftt a + nnbs z s z + nncsH* &c. J 

Now when a is infinitely fmall, jza, and z = 
»Ar «jZtfj, therefore a zz n. And equating the 

coefficients, b = - 22ZI ,, « = - »»»-*.3*-3* 

a-3rr 4-5Tr 

= — »» — 3-3- A J - — • »» — H y '' _ __ 

4-5 J"*" 6«7rr 
»» — 7.7 ah — 1 
—3 -a, &c: therefore 2 := #j # — — ^ s 3 — 

**» — 3-3 7 
—— bss 

A-S rr 
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»P-M hs * &c = ns ^ *Ll«*ZZ±S 4. -» 
4- srr. a.3rr 

— — *-s % &cj and fincc cof. a =: 

2.3.4.5 r* 

,, ~ 2.3rr , 2-3-4.5^ 

2r 8r J - . 



__ »* .»# — a.a f . , ». nn — '2.2. nn — 44. , Q , 

— „ , nS* + j Z_± s* StCi 

r W 2.3.4^ 

whence we Have 

»«r^.*A = w — ^LZi^A — »1IZ±1ssb — 

<L. 3 rr 4 . S rr 

ntl — C.t fm—nn 

— - — £-£ jjc— • — « v/ jjd &c : otfw* a, b, a 
o.jrr S.grr 

&c, are the preceding terms with their figns ; there* 

fore if n be an odd number* theferies will he finite. 



Or S. mk jc V^Z£ x 1 n l — ** ~ 2 ** 



JJA 



nn — 4>4 fPP _ ™ — 6& „^ nn — %.% . 

WB — WC — , -*_• ssd &c : 

4-5 rr 6 -7 rr $-9rr 

and therefore if n be an even number > the f tries will be 
finite. 

Cor. If she the cord of an arch, k the cbrd of ihi 
Supplement l , d zz diameter ; then 

Cord of »a = ns — **—'■, tA _ »'— ? JTV _ 

2.3<W 4-5^* 

2Lnil«c — *' r~ J a jjp &c : «•" . 

E Cord 
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nsx n* — 2* * . »* 



Cord of n arch =—5-— _*a— .— -_*r*« 



j*C — &c. 



6qd % 

Scholium. 

If s the fine of an arch was given, and the line s 9 
of the » th part of the arch, was required j you'll 
have by reverfion of feries, 

J + ■ ■ a + r ' >■ Bfc -f- 

» a^rV 4 . 5 rV 

55l=i-c^&c. 
6.7 rV 

PROP, XXVL 

The fine and cofine of an arch being given ; to find 
ibe cofine of n times that arch. 

« 
Let a = arch, y = fine, x = cofine. Radius = 1. 

Then by Cor. 7 Pr. 111/ 2X x cof. »a = cof. 

1 * in 1 ■ 

# — 1 . a + cof. n + 1 . a ; therefore fince xx +yy = 1, 

cof. h+ i 9 a = 2X x cof. *a — xx + yy x cof. 

» — i. a. Therefore if you multiply any cofine 
by ax, and from it fubtraft the foregoing one mul- 
tiplied into xx +yy, the remainder is the next fuc- 
ceeding cofine. Hence. 

Cof. OA = r 
Cof. ia = x 
Cof. 2A = xx — yy 
Cof. 3A = x 3 -* $xyy 
Cof. 4 a = x 4 — • 6*y + j* 
Cof. 5A = x $ — io*y -+• 5^ 
Cof. 6a rz x* — i5#y + if*!? 4 — y 6 
Cof. 7 a = x 7 — ai^ + 35^ 3 j 4 -7- 7*y*> 
&c. Therefore in general, let the 

* Cof* 
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Cof. »— i.a=X"^ ^ax^*y*+b^sy*^cx**fy* &e* 

Cof. *a :?:** ~a*^ % +bx"-+y+—cx'»-*y* &c* 

i < » .if" ' 

i 

Nqw if the latter be multiplied by 2X> and the 
former by xx+yy, and this prod aft fubtra&ed from 
the firftj you will have 

2X*+* — 2aX* m ~ t y t + 2bx n Tty* t-* 2CX*Sy* &c 

I 4 I 



* 



2= cof. #+ * . a. Then comparing the coefficients, 
we have a = aa — * + i, that is* by the method 

of increments, a + 2a + a — 2a + 24 — • a + i, 

ar a zz i = n \ therefore a = n, the integral, and 

4 ' 

nn nn 

a = -^-i for whea nzzi, a or =: ^- s = i- Like- 



* > * 



n n 



wife b — lb — b + 4, and *b zz a zz *• ■ ■ » and 
v i •• a 

n n n n n n n 

h = ^IZLiZLL and % i ~ ~ 4 r-*"~ a T-',, (fof when 

# — 5, £ n i>) and £ = T* 3 iT* ""' . Again, * = 

t . - 2.3.4 

71. • 71 ft . mil & • • 71 

b s r±-ZH, * — T^ 1 - ■» and c = ^•■"■ < /> and 
2. 3 .4 . 2.3.4*5 2 ... .6 

therefore * = — ~. Lakewife *J = — — -, &c# 

fl a. . • +6 a 2, . .7 

K a Thett 
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Then fince n =: i, therefore n, n y n, &c, are equal 

- i, » — 2> &c ; whence putting r far 



to n % n 

radius, 



_ i 



Cof. tiK = — _*_ x : x* 



n . a 



**-*/ + 



n.n—i .» — a. a—^ ^-y 



2-3-4 



ir . n 



i • » — 2 . * 



&c. Or 



2 . 3 • 4 . 5 • 6< 






~ r # n.n — i yy 

17 r«— x 1.2 x# 



2 .» 



3- 4 



J!7 



» 



4 I » — 5 v^ n 
5.6 x# 



-~* "T-Z D ^ 



B 

#* 5.6 #ff 7.8 ## 

&c : where a, b, c &c, -ir* the foregoing terms with 
their figns. 

Cor. jy jw« fuppofe r the diameter y y the cord of 
an arcb> x the cord of tbe/upplement ; then the fore* 
going f cries will be the cord of the Jupplement of the 
multiple arch. 



PROP. XXVII. . 

The fine s of an arch a being given ; to find, the cofine 
cf na, or n times that arch. 

Let z zz cof. na, rad. = i> then by Cor# 1 Pr. 12, 
** • * a * ** ■ .££-&<:: but by 



X = I 



2 24 



720 40320 

Prop, ir, a — s + £ + 2i + ii- &c : 

6 40 xi2 

whence *<* :t ss + i. + — . + zl &c, 

3 45 35 



and 
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and a 4 = j 4 + |j 6 + T y 8 &c> 



«' = / 



&c : 

then all thefe values of the powers ot a being fub- 
ftituted in the value of z, gives 



2 6 45 35 

_i_ *^ 4 1 **** ■ 7» 4 ** 

?4 , 36 360 

» ^ # s 

720 720, 

. + 1- i 1 '"" * &c : 
40320 

whence 

3=1 «** + J* — ■ ■ . 5-* • 

2 2,3.4 , a • 3 • 4 • $ • 6 

fee 5 that is, if r — radius, 

«f*f* ' If* *— o* 

?LZL£. jjc — * "~ ', jjd &c ; w£*r* a, b, c, &c* 
5 .6r* 7.8r* ' 

or* /£* foregoing terms with their figns.. therefore, if 

n be an even number ; , the f tries will be finite. 

And fince V>r-« = r — £L — - j! — jl 



2r 8r* i6r* 

,-i — &c = coif, a, therefore dividing the fore* 
I28r 7 \ ° 

g oing fe ries by this, and then multiply by 
vVr-r-Jf, and you will have cof. na= ^irr — ss x : 

I «n? - JJA t- ° SSB i— •„ 2- JJC -wp 

i.2r* .3-4** 5-6 r» 

»* — 7* 



I % 
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■ j— ssd &c. Jtnd therefore if n U an odd number, 

tbeferies will be finite. 

Cor. The foregoing f tries will exprefs the cord of 
the fupplement of the n tk arch putting s for the cord of 
the Jingle arch, and r for tbt diameter. 

PRO.P. XXVIlL 

The cord of an arch, and the cord of its fupplement 
being given * to find the cord of n times that arch. 

Let a be the arch, y the cord, x the cord of the 
Supplement, radius zz i ; th en by Cor.. Ph xxin, 

x x cord . nx = z cord . » — I , a + cord • n 4- 1 • a, 
and cord .»+ i.AZi^xcord .*a — cord, n — 1 # a; 
that is, if any cord be multiplied by x> and the fore- 
going one fubtra&ed, will give the next following 
cord* Whence 

Cord • a = y 

Cord .axzzxy 

Cord ♦ 3A = &y—j 

Cord . 4A =: x 3 y — 2Xy . 

Cord . 5 a = *> — • 3^ -fjr, &c t 

And in general, let the cord of #a be zzyx nmm * ~m 
ax n *-3y + bx u -*sy — cx*-~7y &c j then will 

j?** — ayx*^ % + byx n —4 — cyx nm - $ &c ^ 
7— yx nm ~ z •+- 0y#»~4 — byx*"-* &c f ~ 

jw* — * ayx n ~* % -jr byx n -~* -~- cyx n ~~* &c = cord t 



? 1 



ir + 1 . a, Then equating the coefficients * = 4 + 1, 
and a^^or^zit:^ and the integral is a = * 
(fot when » ;= 3, a or » = i) f Again/ b or 




' / 



Se#.iv. •/ TRIGONOMETRY. Si 

b + b ^ b + a, or b — a — n, and b ~ r 3 r^; 



alfo r = c + h or > = b zz ~4--s r and * 3: 

n n n n n n n 

^4 -$■-* , In like manner ^ = ziz±ri=lj &c 

2.3 2.3.4 

Whence the cord . n* = jr*«~* — *ZZl*y* n ~* + 



1 



» — 3.8— 4 ^^ l_ g — 4.»~5.»-6 J , % ,,^ T 
1.2 1 . a . 3 



• 



1 , 2 • 3.4 
.& putting radius ~ r, then 



Cora . n arch =s v ^^ ■ ■ ■ a— — ? 

r»— » 1 ## 



■»P » IUMI ■ - ' 



*> — 3 . n — 4 rr ^ n — 5. h — 6 rr 
2 . n — 2 ## 3 . n — 3 ## 

„ - 7_ 1 g 7 8 r rr •_ EEL±=i2 j H &C. 
4.* — 4 *# 5 . » — 5 ** 

Con df r = radius, y —fine, x zr, *^»* 0/ *» *rr £, 



»— I 



then the fine of the n h — ^ — 2 Ll£Ia 

/ _ , r"- 1 4.** 

» — z * n — 4 . rr n— c .n — 6 .rr ^ 

4.2.0 — 2 . xx 4.3*0 — 3 • ** 

— — 7 . — 8 • r r 1 - • 1 • 1 

d &c : this is plain by putting 



*»» "" . ■/ 



4 . 4 '. — 4 . XX 

\r for r ia the foregoing feries. 



E 4 PROP- 
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PROP. XXIX. 

The fquare of the cord of an arch being given ; ta 
find the fquare of the cord ofn times the atcb. 

Let a, by c be the cords of three arches in arith- 
metic progreflion, rad L = i/y = cord of the com- 
mon difference, and v^ 4 — xx = cord of the fup. 
common difference. Then by • Prop, xxm, rad. 
X fum of the cords of the extreme arches .= cord , 
mean x cord fup. common difference $ that 1a, 
t, \/ 4 — xx = a + c. And by Cor. 4 Pr. xxn, 
#c = bb — - xx. "Whence A,bb — bbxx = a a + 
cc+ 2ac=aa + cc+ ibb~ixx % therefore bby. 

% — xx + %xx — aarz ccy that is, in any feries 
of the fqqares of cords, if the fquare of any cord be 
multiplied by — xx + 2, and the preceding one fub- 
trafted, and ixx added, you will have the fquare of 
the nexf fpllowing cord. Thus, fquare of the cor# 

of a =: xx 

2AZ X* + 4X* 

3 A = . # 6 -r- 6X+ + 9^ 

4A3-y 8 + ~8# 6 — ao* 4 + i6x % 

$a= * TO — iox* + 3S* 6 — 50A + 25** 

&c 

Therefore let any one in general be exprefled thus, 

x' — ax v —*-kbx v —+ — c * f — 6 &c ; 
then the next fucceedingone (changing thefigns) wilj 

be — V + 4X X — bx 1 + ex 1 - &c = 

f - 

(by conftru£lion~to) 

* ~ x* + % + ax* — bxi— * + cx?—A 

+ 2X V — 2a 

" + 



■ 
« 

J 

Then 
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Then comparing the homologous terms, we have, 

v zz v -f- 2, or p — v, that is, v zz 2 zz 2ti, knd * n 21*. 

1 ' 1 > • 

.^jLgain, 0=0 + 2, or * — *or*:r2=:*; 

X I 

jy^eDce * =r * •= 20. Alfo irHa^f-ri, Qr 
b zz ia~\ zz 2* — f* -zz ** — J * 5 therefore £ ac 



99 

I 



Again, * z: * + 2# — a> or r=n— > — 93 

I .— 1 jr.— 1 — 1. 

vp — 2*+2zzv » — 2v + v, and £ ^ r" 2 "" 1 , ^ 

v v v 3 Iff 

In like manner dzztc~~bzz ~* . ~ I — ^i- + 

v v v * y yv <)y v 

- i, } and d= -3-'-' — =S=i -f 



21 - 51 . ^ J= =1=1=2 =L-i + =2 . 

2 a 2.3.4 2 • * 2.2.2 

1 ■ • 

But fince * = «, y = * — 2, » = » — 4, &c, we 
'fliall find b = » x ^li, ' = » X IZ1± X L-ZL*, 



4 = y X " — 5 X » — 6 X » — 7 & c j /far0,» ,/ 

3<3v4 
a; m /& cord of on arch, and b the cord of n times the 

prcb, then wilt 

*** — - aa**"-"* -f- a* x ..^TL^ *»»--■»—. a» x 



2# 
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an 



4. an S**«-6 + in x 



2.3-4 
cording, as n is odd or even ; and tbeferies continued ft 

n terms. Ibe lafi term being always nnxx, 
Or -£I »"\- »— 3 ~ ? _ 

r z« — a xx axx 



* «M 



g» — 4 .2»— 5 ,^ _ 2» — 6. 2»~ 7r rra ^ 

1.2» — 3.** ±.in-—$.XX 

2» — 8.20 — 9 2» — 1O.20 — II 






rrE — ■■ rrt — * 



&c = * **♦ 

t)therwife. 

Since the law of the continuation of the fcries of 
the fquares of the cords is this, that any cord mul- 
tiplied by 2 — xx, and the foregoing one fubtraftedj 
and 2xx added, gives the next. Therefor? 

x Cord = xx 

2. = 4** — x 4 

3. =: 9** — 6x* + #? 

4. = i6# 4 — 20**+ 8/ — x* 

5. = 25** — 50* 4 + 35/ — IW $ + W 1 ! 
&c. 

And m general *#*— *** + c/— </#* &c ^.fquare 
of the cord of the » th arch. Whence by the coq- 

fttu&ion, 

aax % — 2 kx+ + 2cx 6 — zdx*l 

X 1 I * I 

4. 2x* — a x 4 + bx 6 — ex 9 > ZZ N 

t 1 1 \ 

— *** + £** — *** + </** J 

9 , » * * 

% Here 



j 
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Here then azzia — a + a, that is, by the method 

of increments, a + 2a + a zz 2a + 2a -*- a + 2 % 

• • • • 

that is, a zz 2 zz in, and a zz 2n + a, and a — 

inn 

Z-i— + a#i and when * == 1, a zz i, therefore 

* =: »« + #. 

Again, £ = a £ + * — b, and their increments 

b + Q.b + bzzb + 2& + a+a—> b, ?nd bzza + a, 

• •» • • * • • • 

J ike wife *=:£ + £, dzzc + c and fo on ; that is,' 



•• • •• 



bzza> czzb, dzz c &cc, therefore bzznn + n y and 

b zz 7T* * *f- — -i, and ^ — TT^""* 1 , ' + 7" '■■■ ■ f 
f . 3 a ' 3-4 2*3 

vnnn nnn n nnnn 

Again, c = =i-L! + -JL5, and f = r*~' U -f 
•• 3-4 2.3 . 3*4-5 

nnnn #•••# #•.# 

r 1 ' % and c = Ci-^5 + di~i. In like man- 
*'3*4 3-*- 6 . 2. .5 

n •• • n #. ♦•# n • • h 

acr 4l = =it — gS> ^fcj, and-f ==i — * + 
3* .-8 3.-7 3. . 10 

f" 4 ■ 3 , and fo on, Theh Once n = 1, and 0, jr, tf t 
0, » &c = », » — 1, » + i f n — 2, » + 2j &c, 

j-efpe£ttvely f Therefore by reduftion will be found 

, nn.nn — 1 nn.nn — i.»» — 4, 

a~nn 7 bzz , c— — < — 

ft. a. 3 3. 1. a. 3. 4. 5 



r 4. !,• • .7 

/quart 



• 
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Jquare of the cord of the n th arch =: nnx* — 
tin . nn — i m4 , nn . nn — i . nn — 4 < 
2 . 1 . 2 . 3 3 .1.2.3.4.5 

kMMMP^BMM iMtfHBMHHH «MmB^^^MM^_ 

#* &c; or putting r :p 



m .nn — 1 . »» r— 4 . »»-— 9 



4 . i . 2 . 3 . 4. 5 . 6. 7 



ra&/j, D cord »* arch — »«**•— • ■ « ■■ ' v a 

■ 2.2.31* 



,» A *•«• . #** — *'* .»«*» 



3 #4# 5.rr 4,6. 77-* 5» 8 --y* 



5 . »* — 5* • x 



6 . id. 11 . r 



^e &c s that is, D cord of the * tk 



• , m nn—i.xx nn — A..xx 
arch = Hnxx -a — / b *— 

_Jji4f r S - 6r r 

j... ° ■ c — ■■ ■ ■ p — J -g — • 

7 . 8rr 9 • 10 ix • I2rr 

Where x z ? will always be the lajl term, n being an 
integer. 

Cor. 1 . If x be the cord of an arch, radius =; r, 
* »</ * /&* wrf- of n times the arch % then 



pn-~i 



*"/■*— 3 2f*""*5 ' •£ ,0^*^-7 

1 , 3 - 4r"- 9 

a .j .4.5^"" 
(tccording as _-i — « ft&/ or *w», tbeferies continued 



to ■ ' ■■ /*n»j ; that is, + r wj&*» odd % and — f 



» + 1 

2 

Off 



/ 

I 

f 
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^ .1 */ ' ; " • a * 8— 2.A? B *-3 

Or /jrw > v: 4rr-*-xx : x into — r — — i. — - 

r «— i r^—s, 

^i n — J 3*»r-4 rg -.<_ » — 4«» — 5«» — 6 r *-7 

+ , - s . » - 6 . « — 7 •'» -- 8 Mfl _ Q _ ^ _ 

1.2.3. 4r*""" 9 
± *> according as in is odd or even, and thejeries con- 

tinned to — tehns* 
2 

For the former feries is the root of ***' — o.ntf nmm% 
+ 2n x g ~ 3 ^- g 4 Sec, the fqdare of the cord* 

found above by the firft method, And the latter fe- 
ries is found, by dividing the fcries x* n — 2»^— * 
&c by — xx + 4 (or rather by xx — 4), arid ex- 
tracting the root of the quotient. 



*uerjcd fine of n times the arch, then will 2V 



Cor. 2. If v be the verfed fine of an arch 9 v the 

2V n 

a»r ■ a» — 3 ♦ r _ g» — 4 . a» — 5 . r 

■ 1 m ■ ■ > 1 1 1 . 

28— 6.28 7 . r 28 8.28 — o.r c 

* * — ' D — - m ., Z E &C ( 

4 • 28 4 . IV 5 . 28 — 5 . 2V 

= :fc v, according as n is odd or even, thejeries con- 
tinued to n terms. 



Or v = n*v - *-■'"« .- > — »' »* „ 
2 * 3 r 3 • 5 r 



3* : . v n n z — V . v 



c — . * — 1— . -d — &c. This ap~ 
4 • ir S - 9 r 

pears by fabftituring zrv for ##, and 2rv for bb; 
to which they are equal, by Cor. 8 Prop, i. 

Cor* 
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Cor. 3: Theferies in Cor. i will give f he fine of n 
times the arch ; futting x —fine of the Jingle arch, $r 

for r in tbeferies. 

» 

PROF. XXX. 

The cord of the fupflemetit of an areh being given % 
to find the cord of the Jxppletftent ofn times the areh. 

Let radius rrzi,yr cord of the fupplement* 
A = arch j then by Cor, Prop, xxni, i : x : : cord « 

flip. » a : cord . fup. » -— ■ i . a + cord • fop. 

* + i . a. .Whence cord* fup. n + i , a =: x x cord , 

fup. n a — cord • fup. * — i . a ; that is, if the 
cord of the fup. of any arch, in a feries thereof, be 
multiplied by x, and the preceding cord of the fop* 
fubtra£ted> you will have the next fuccecding one* 
* Hence 



Cord fup. oa = 2 
ia = x 

2A zz 9? 



3 A = * J 



- t 

-3* 

4A zz x 4 — 4** + 2 

5* :z:# s ~ 5** + $x 



/ 6a = # 6 
&c. 



6#* + 9^— £ 



And in general, »a =r x n — ax n ~ % + £*****4- 
* -i-j.A — #" + * — ax*—* + bx*-*3-~ex nmm $ &c 



C# B + X 



ax nw ~ l •+• hx**"*— cx*-*s 



by conftrudion. Hence azza + i, and * := i = #* 
whence *=: #• 

Alfa 
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Alfo b zz b + a> and b zz a zz n 9 whefice b zz 

77*""/ *— ij for when » — 4, b zz 2 ; therefore Szz 
2 
n n nn nn 

— *-* + n — 1 = siri + n zz zii.. 

2 *-* 2 i-j 2 

Again, * — c + £, and c zz b zz -'4— 3 ^. ^ 

n n n n n nn n 

and * = -?-*7V. + zJLzl - zzlzil. 

2.3 2 1.2.3. 

n n n n n 

Again, J = r, = =±Z^Z* + =£2f f and rf = 

•—1,2.3 2 

n n n n it n n nn n n 

:T!i-*77 . 6 -7 + -?t 6 ,T,7 = ,7-^,-7, In like 
2.3.4 2-3 1.2.3:4 

nn n n n 

manner * = :=±:zL=lLrL* & c ; whence 

2. 3*4-5 

3*2* wJ 0/ /£* fupplement of the » ,h tfr*£ & = *« 

— tt*"~»a-*'*~3*,~-4^*-ft-4.» — S r ,_4 

1 . 2 1 . 2 . 3 

-+ &c — - *" n .rr A n — 3 . >'r 



• -■' ' — - - 



■ >» 



*~4--»-{ «rr _ » — 6 . » — 7 . rr 
3*» — 3*^ *.n — 4.** 

"■ ' u^ a= — * ■ & — &g, continued to LJL 
5 . » — 5 • ** . a 

/f raw wiv* * is odd, or to 2-iJL terms when even. 



Cor. 



*. 
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Cor. Hence \ if radius — r, x == cofine of an archj 



2x nrr 

-A 

XX 



then the cofine of the » th arch = ■ — — 

^ J J 2T"-* 4. 

» — 3- rr n :_ ».— 4».»— 5 * rr ^ 



4.2 XX 



4. 3.* — 3 .#* 



_j — - d — &c, continued to LJLz terms 

4 .4 .0 — 4 .## 2 

*to&r» # ij odd, or to in + 1 terms when even. 

This follows from t thc foregoing fcries, puttirig fr 
for r. 

PROP. XXXI. 

Gjw» the cord of an drih> and the cord of the J up- 
flement of twice the arch 5 to find the cord of2m + 1 
times the arch. 

Let radius =r r = i> arch =r a, cord of a zzy> 
<!ord fop, of 2a = 2. Then by cor. Pr. xxnr, 1 : 

2 • : co rd of am + 1 . a : cord of 2 m — 1 . a + 

cord of 2m + 3 . a. Th erefore cord o f am + 3 . a 

n 2 X tord of 2*0 + 1 . a — cord of am — 1 . a y 
that is, in a feries of thefe cords, if any one be multi- 
plied by 2, and the foregoing one fubtrafted, you 
will have the next following one. Whence 

Cord a zzy 

$a = z +1 : xy 

5AZZ2* +z. — I : xy 
ja — z* + 2* — 22 — 1 : X y 
<)azzz? +z* — 32* — 2% +1 : Xy 
IiAis=2 s -f 2 4 — 42* — 32^ + 32 +1: xy % 
1 3 a := 2 6 + 2 J —- 52* ~ 42 1 + 6 2 4 + 3 2 — 1 1 x T 

l5A = 2 7 +2 6 — -62 5 — 52 4 + I02 5 + 6Z % ~ 

4» — 1 : X y > 



and in general, cord am + 1 . a = z m + z"— 1 — 
/.- ' az m ~** 
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az m ~- * — bz m — 3 + * z«— 4 + dz m ~s—ez mmm ?* — 
fz m —7 &c ; then by conftrudtion, 



— 2«+i -f #• -r- *Z«— » — fe*"-" 2 + f 2*— 3 + <fe«^4— ^»— s 

1 s * « * &C, 

&c, = cord of 2tn + 3 . a. Whence tf rr a + i, 
and a — - j or a = 1 = », whence azz m, for when 
a* =: 2, ' * =: 1. 



Again, £ — b or 3 =: 1 = w, and b — m % for 
when i» = 3, £ = 1. 



■•»» 



Alfo c zz c + a, and c — c or czznt, whence 

1 . — 1 1 • • —a 

mm \ 

_ --3--* 
€ — ■ • 

2 

m m 

Lfkewife </—-*/ or d —>b — », and */ =r *" 4 ~"* '» 
1 • —1 -.3 2 

mm m m m 

Alfo # = /, = r±^2, and e = -»-♦- , » . Like- 

•~-»i 2- 2.3 

m m m m m m m 

wifc/= </, and/rz " 6 " 5 " 4 , f = -7-6-5-4 
• -. J 2-3 2-3.4 

m m m m ift..»m m»**m 

2,3.4 2-3'4-5 % 2,3.4.5 

whence the 



* Cord of the 2m +1 . arch zzyxjnto z "+ z 1 ** 1 — 
11 a 



1 



6* 
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turn 



2-3 



re— 4 , m— 5 . *» — fr »-j ^ »— ^"Mg-y,^ 



+ : 



*— 5 



*"> — *rr wp — Q — * — * 



a- 3-4 



2.3,4.5 



*o 



jw — 6 • . • . m — 1 o 



2-3-4-S 



2 «— 11 &c, continued to » + 1 



, terms. 



PROP. XXXII. 

Given the cord of the fufplement of an §r$b> and the 
cord of the fupplement of twice the arch ; to find fbc 

cord of the fupplement of 2m + 1 times the arch. 

Let radius z: i,archz= a, cord fup. a*=#, cord 
fnp. 2a zz 2 j .then as in the laft prop, oord . fup'. 

im +3 . a ir 2 x cord . fup. 2m+ 1. a — cord . fup. 

am — 1 . a 5 that is, if, in a feries, any one be mul- 
tiplied by z, and the foregoing fubtra&ed, you will 
have the next following one. Hence cord . fup. 

Qf A = X 

1: X X 
-I x x 

- 32* + az + x x x 

And in general, cord . fup. 2»4- * .aits 1 

— az m ~* + hz*—* + cz" 1 *** — dz"—* — ez 

&c : therefore by conftruftion 

z *+* — 2*— az"- 1 + bs?*- 2 4- cz^^ 1 _ 
— \z m — 1 + 12*-* + av»-i ( &c _ 



3AZZ - 

5A — z x — z 

7 A "2 } Z l 

9A =2 4 — Z ! 
IIA = 2* Z A 



— 1 






x z 



+ fl**"- 3 ?s cord . fup. 



a* + 2 • AS hence *=?*+ I* £==£ + !, * = * + & 

*<* = 



\ 
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d — d+b &c* all as in the laft prop, and there- 

fore the coefficients a, b, c, &c, will be the very 
fame, whence the 

Cord ./up. im \ i . a * zz x x int02«— **""*•— • 
j» — I f» — 2. ' » — i • m — h 

•n «*■*■* + ~ 3*~3 + v, m * 



, * *-_3 

- A * « »li i Him ■ ■ i m i ■■■■ ■■■ mm W —II ■■ ■ ■ 

' * , »-— 4. *»■—<./»— 6 • , m — 4 m— 7 

2 , J % a .J .4 

Con 1. If rod. = 1, 2 zz cord ./up. of ■■ 

^*r/ of the circumference y then*o = z m — z m — l — 



*» — • 1 , w — 2 *» — a* . a* -2- t 

I I 2 



&C. _ 

For if 2« + i x a = femicircumference, then 
the cord of the fup. and the general feries is zz o, 
and may be divided by x. And in that feries z zz 

cord .fup. 2a, or of the im + i rh part of the cir- 
cumference. 

PROP. XXXIII. 
The tangent of an arch a being given ; to find the 
fine and cojine of n times the arch. 

Let / zz tan. a ; then by Prop, xxiv, s. »a zz 

^ „/ - — — = — a &c : but z- zz ~, and 

r*~ l 2 . 3 . *# "' * r 

rr 7 •• nst*** 1 * iwVy _ »#*/ _ 

* zc ;wu ,., ,,j therefore w , or -~ — — • -r 

^rr + tt J rx 1* 

nr"j - nr*t „ . n-ri.n—itt 
==?:„, whence f. nh zz >J +•- 



A &C 

F 2 Like- 



I 
I 
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Likewife by Prop, xxvi, Cof. ji a ~ — = j. -— 

, ^ELl V A6?f ; thatis=:^ll=--2±I±ffA^ i 
whence 



i ^ n i* 



S ' nA ^^jg 2. 3 rr. 4 • yr 

... j6 t 7rr 8^. 9rr t 

. r n+t n.n — i.tt n—i.n — 3.// 
Co/ «a = ^qr^l» Trr 3- . 4rr . 

I * I II ■!!■!■ MM*te* 

5 . 6rr 7 • 8rr 

Cor. i. Hence fince / = ~, therefore tan. ka = 

■ - x __ 

1.2 2.3-4 ■ 

Cor 2 ' If / = fecant of a, and t =: tan. a, thea 

_ /» „ 

ftcant ha — — ===== ===== 

2 i.... 4 

for \/Vr + it =/, and !^- = fecant. 

Scholium. 
Tho' the. principal ufe of the foregoing pfopofi- 
tionsis when » is an integer number, in which cafe the 
feries will always terminate. Yet moft of trrcfe feries 
will be equally true when » is any fractional num- 
ber, if they do but converge. For the inveftigatioa 
of any of thefe propoGtions does'not fuppofe that n 
is always an integer, it only fuppofes that » U i. 

SECT. 



I 



^TRIGONOMETRY. 69 



sect: v. 

Angular f eft ions > the infer iption of polygons, the 
properties of the cords or fubtenfes of arches. 



mmm 



PROP. XXXIV. 
If any arch of a circle as ar be given, and there be FIG. 

taken the arch ad =r — the arch ar ; n being any in- 

n 

teger number ; and if the whole circumference of the 

circle be divided into n equal parts at the points d, e, 

f, o, H* fc?r, beginning at d : Then Ifay any of the 

arches ad, ae, adf, aeg, abh, &V, repeated n times> 

from a, will always end at r. 

Call the whole circumference c; then by con- 

ftru&ion, n x ad = ar, alfo n x de =r c, and n x* 

pef = ae, and n x deg =: 3c, » x dfh it 4c, GV j 

therefore 

*XAE Or»XAD+»XDE = AR + C 

and it x af or » x *ad + » x df n ar +,sc 
and n x aeg or » x ad + n x deg =: ar + 3c 

n x afh or n x ad + » x efh ™ ar + 4c iSc. 
Therefore'* x ae, nx af, n x aeg, "&?*, = 1, a, 3,. 
6*V, entire circumferences + the arch ar. And* 
Cnce any number of circumferences will end at the 
point a where they began ; confequently by the ati-: 
dicion of the arch ar, they will neceffarily all end 
at r. 

Cor. If the cords ar, rfR, ad, ae, Af, Cs?*» 
are drawn ; then the cord ar = cord of n times ad*- 
or of n times ae, or of n times at**, or of n times 
aeg, &c j and br is the cord of the fupplement of 
each of tbefc. 

Fj PROP, 
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PROP. XXXV. 

P IO. ¥o divide an arch ar intb any number of equal 
-, parts, as n. 

Let the radios = i, h =*: cord of the fop. of ar, 
or the cord of br, x z= bd the cord fup . firft p&rt 

ad. Then by Prop, xxx, x n — »#*—*+ n ** m ~ m 3 x* ss * 

. a 

t$c = -± b> according as the arch ar is lefler or 

grater than a femicircle. Therefore #, the greateft 

root of this equation, being e*t rafted, will give M>> 

the cord of the fupplement of the arch required. 

EXAMPLE. 

N If the arch ar be lefs than a femicircle, and is 
to be divided into 7 equal parts ; then n — 7, and 
you will have x 7 — yx s + 14*' — jx = b, whofe. 
greateft root x is~BD, the cord of the fupplement of 
ad required. 

Otberwtfe. 

Let fad. = 1, cord ar = b> cord ad n #,< then* 
by Prop. frxix, you will have rt 2 *— • a»* 2 *"~* + a* X , 

— — £#**-3 GV to terms = ± W, according as n 

is odct or evert. Then e*tta& the leaft root xx of 
this equation, and then its iquare root x will be i3 
ad, the cord of the firft of the equal parts. Or thus* 

put nnxx~»- . v *+ ^ — ■ T,v° csV 

a.r. a. 3 y.\.*:$. + .i 

±Lhb>i3c. 
, , v - EXAMPLE. 

If ar wa»to be divided into 5 equal parts, then 
* zz 5, and # 10 — io# 8 + 35** — • 50**+ .£$#* qr ^, 
whofe leaft root w is the fqirare of ad, and x i^ ad, 

thfe cord of -u part 6f the arch k&. 

n 

Cor, 
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Cot . ^ jw* continue to extraB all the roots *, you F 1 6. 
*ck// £*/ the valtles of^ all she cords be, bf, Boy &c, 7. 
jyltbe-fbrmor rhctbcd % or of the cords ae, af, 
ag, &c, £y rt* Af//«r method y as appears by cor. 
Prop.XXXtl. < 

Scholium. 

If a is hot a priihe number, but compounded of 
two ormorc primes ; it will be eafier to divide the 
arch into a number of parct denoted by one of thefe . 
compounding numbers, and then the firft of thefe - 
parts into as many parts as is denoted by another of 
them* and fo on ttf th* laft. 

PROP. XXXVI. 

SV inferibe any regular polygon in a cirrle. * 






the number of its (ides be =± im + i, ah odd 
number. Radius = 1, «±the unknown cord bd, 
or the cord' of the fupplement of one part ad. Then 



by cor. Pr. xxxn, a?*— ap-* 1 



18 



-JBf* 4 ** «4* 



iz*-3 & c =■ o"; therefore' fht gteaiefi root * 



will give bd, <Mri \/4 — 22 — /<& of fbe polygon ad, 
required, 

EXAMPLE. 

. — * 

/» * heptagon, am + t = 7, or ^ := 3 5 then by 
the former equation z l — 5;* — 22 + 1 =: o* and 
the ^reateft root z gives the value of be, and 

%/a — 33 = ae, the fide of the heptagon. . _ \ 

\ -- •* 

Otbcrwife. 

. Let n = number of fides, rad. r: x, # = cord of 
the fup, of the » th part of the circle. Tf hen finee 

F 4 tlk 
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FIG. the cor3 fubtending the whole crrcle is o; therefore 

9# by Prop, xxvm, yx*—* -*- n """ 2 jra— ** &c = o j* 

i 

therefore, dividing by y 9 you will have 



t — ^»-3 + * , 3 - * 4^.3 &c :_ r extra a 



the great eft root x of this equation, then y/+ — xx = 
^/* <?/ /£* polygon. 

EXAMPLE. 

. J» * pentagon Hzz $, then tf 4 — - 3** + 1 = 0/ 

and x % = 3 + \ l£, the greateft root, and \/4 — ** = 



/ 



— i the fide of the- pentagons 



Scholium.' 

When the number of fides is not prime ; it will 
be eafier to divide the circumference into a nufaber 
of parts denoted by one of the primes that cbmpofe 
it; and then one of thefe parts into as many parts 
as is denoted by another of the compounding prime 
numbers, and lb on till all the primes which com- 
pofe the given nurrjber be exhausted. • _'_ 

PROP. XXXVII. 

!©• If the arch oaf of a circle, whofe diameter is At, 
be divided into an even^number of equal parts at c, b, 
a> ,h, g, &c -, and there be drawn the lines bh, 
cq, df, &c, perpendicular to }he diameter ae ; and 
likewife the cords ab, be : I fay, tbefum of the lines, 
bit, 4 xg\ * &c, + half the laft, that is, bh + co 7H 

't)o = AOXEB , V:: ' 

AB 

^ For draw the lines ch, do, &c ; then all the tri- 
angles bak, khl, lck, mgn, ndo, &c, are fimi- 
• J Ian 



I 

I 
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iar. Therefore bk : ka : : hk : kl : : cm : ml F I G« 
; : gm : mn : : do : on, &c ; therefore bk : ak x 9» 

: : BK + KH + CM + GM + DO : AK+KL + 
LM + MN + NO : : BH + CG + DO : AO. But SB 

: ab : : bx : ak : : bh + cg + do : aq ; therefore . 

AB X BH + CG + DO ZZ AO X EB. 

r I 

Cor. 1. If the circle ado be divided into an even 
number of equal parts at a, b, c, d, e, f, &c j and 
all the lines bh, cg, df, &c, be drawn 5 and alfo ab, 
be. Then the fum of all the lines bh + cg + df ' * 

AB ' ' - 

For here the bafe of the fegment is o, and the 
points d, o, f, 1 coincide. 

Cor. 2. If a femi circle abb be divided into any 
number of equal parts * as n y at the points b, c, d, &c ; 
and the fines bk, cm, do, &c, be drawn; tben^L 
Jay, the fum of all the fines, bk + cm + do &fc =: 

AE X EK 
2BK 

For by. fimilar triangles I! = £5 5 and taking ' 

AB BK 

half of. the quantities in Cpr. i, bk + cm + do = 

AE ,X EB _ AE X EK „ 

ftA . ■ -. Hence 

2AB 2BK 

% Cor. 3. Let radius = r, — = a, n being any 

n 

integer, s zzfin. a, t r: cof. a ; then the fum of all the 

fines of a, 2 a, 3 a, 4A, &c, in the Jemicircl$> is = 

l±lr 



Cor, 
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f I G* Cor. 4. Rente ibe area of the curve, made by ereft- 

*o.- ing dll the fines perpendicular to a line equal to the ftmi- 

circumference* or as it is commonly called, the area of the 

figure of fines i is = irr. 

For if n be infinite, and a be = 1 =r J, then ctzr, 

and the fum of all the fines or area of the curve 25 

arr 

, — =: 2TT. 

PROP. XXXVIII. 

10. If the circumference of the circle ado he divided - 
into an even number of equal parts, at the points a, 
b, c, d, &c ; and the parallel cords aB, ctf, DO, &c, 
be drawn -, I Jay, the fum of all the cords ab -f ch + 

AB 

For by fimiFar triangles, ae : ab : : ab : ak : : 
hl : kl : : cl : ml : : gn : MN : : bw : tfo t : ti : 
eo j aftd by convpofuioh At : aB : : ab •£ tit + 

I>G + FE : AE. . 

Cor. i. If a circle is divided into an even tiumhef 

ef equal parts, and* a be one of the parts. The* the 

Jum of all the cords of ia, 4A, 6a, 8a, &c, is to the 

fum of all the cords of a, 3 A, $a, 7 a, &c, : : aS it : 

to EA. 

F6f bh, cg, vt, &c, are th6 cords of 1a, 44, 
6a. And ba, ch, dg, &g, are the cords of iA y 
3A, 5 a, &c. And the firftfum, U to the laft > as 

tl*Il to ~, or as eb : to ae. 
ab ab 

Cor. 2. Tjf afemicifck is divided into any even num- 
ber of equal parts, as n ; and if a be one of tbtfe parts, 
and s =fi&. a, radius = r-, then the fum of the fines 

rr 

ef a, 3A, 5A, 7 a, &c, = — = cofec. a. 

This 



/ 
/ 
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This follows from this prop, taking half the cord F I Gr# 
fof the fiflc of half the arch. id. 

Cor. 3. If aJtmUirck it divided into an roen nuthb* 
$f equal parts, and, a be one of tbefe parts, and rad* 
= *"* fi** A ^ s > eof.Azze; then the fum of all the 
even fines in the femcircle, that is, the fum of the fine* 

of 2A, 4A, 6a, 8a, -&c, :=-■=: cotan. A m 

s 

for by Cor. 3. ^ r - 37» I A 2A ia aa &c<-£±£^ 
fi*m of the fines of C A * * A ' * A ' 4 A »« C »- ~f-* 

And by the laft cor. 7 ,» fe c -- "* - 

fum of the fines of j *» 3*> S A *« C >--- 

Therefore, dif. = 2 a 4 a, 6a,&c,=:1!1 ¥ 

PROP. XXXIX. . 

If the circumference of a circle, wbofe diameter is 7* 
At and center c, he divided into any odd number of 
equal parts, as n, at the "points d, £, f, g, h, i, k ; and 
if, from any point a, there be drawn the cords ad, am> 
Af, a6, ah, &c j and if there be taken the atch ar =2 
n x arch aX>, aiid the cord ar* drav>H ; I fay, the pro- 
&utt ofalljbe cords ad x ae x af x ao x ah x ai 

X AK — AR X CB^ 1 . 

. 1. Let the line q»AP bp fuppofed to revolve about 
fhe point a, the common origin of all the arches * 
then will the part ap pafs thro* the circumference 
of tht circle aebha. And if the line ftill con- 
tinues to revolve about a, then the other end aq^ 
Will alfo pals thro' all the points of the circumference 
Aebha. And if the line dill revolves forward, 
thert the part ap pafles again thro* the circle 
Aebha', &c j and fo dn alternately. Now if from 
A to any point of interferon as R> the cord ar be 

drawn, 
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FIG. drawn, this cord ar will be affirmative in going 
7. the firft time about the circle ; but negative, the ' 
fecond time about ; becaufe then ar will lie from a 
towards <^, in the revolving line, which is the con- 
trary way co what it laid before ; likewife in going 
the third time about, ah will be affirmative, and 
the fourth time negative; and fo on alternately* 
Therefore in general, let c zr circumference, a zr 
any arch lefs than c ; then the cords of a, ac + a, 
4c + a, &c, or of any even number of c's + a, 
will be ■ affirmative. And the cords of c + a, 
3c + a, 5c + a, &c, or of any odd number of 
c\ + a, will be negative, 

a. Let ar = r, x = cord of the fingle arch. 

Now fince n times the arch ad, ae, af, &c, all end 

at r (by Prop, xxxivi) and therefore have the fame 

cord ar ; confequently, by Cor, 1 Pr, xxix, we (hall 

have . . ' 

> 

Cafe 1. x 9 — nx*—* &c zz + t* t ^c cords of a, 
ac + a, 4c + a &c. 
s or the cords of n x ad, n x af,. n x ah &c. 
Cafe 2. x n — nx*~ z &c zz • — r c, the cords of 

C + A, 3C + A, 5C -j- A &C* 

or the cords of n x ae, n x ag, n x aeh &c« 
And in cafe i ft , the root ad, being affirmative, 
the others af, ah &c, are affirmative for the famd 
reafon. 

And in cafe 2 A , the root a e is affirmative, and 
likewife the roots AC y at. But it is (hewn in al- 
gebra, that i( the figns of all the even powers in an 
equation be changed, the affirmative roots are 
changed into negatives, and the contrary. And in 
cafe a d , all the even powers of x are wanting, except 
c\ therefore in cafe a d , changing — t into + ^ we 
have x* — nx n — % &c rr + c } in which equation, 
ae, ag, Ai &c, are negative roots. But this 
equation is now the fanfte as Cafe i* therefore, in 

general, 
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general, in the equation ** — **•-* &c = c, the FIG. 
affirmative roots are ad, af, ah &c, and the nega- 7* 
tive ones ae, ag, ai &c. 

- 3. It is (hewn in algebra, that in any equation, at * 
x* — nx"—* &c = c, or rather ** — »rV-* &c 
r= rf*- 1 , the abfolute number is equal to the pro- 
duct of all the roots; therefore ad x ae x af x 
AG &c z: cr**" 1 . 

Cor. 1. The /urn of all the odd cords is equal U the 
Jum of all the even ones, ad + af + ah 4- ak 

= AE + AG + AI. 

For it ia (hewn in algebra, that the coefficient of 
the fecond term is zrfum of all the roots; and here; 
the fecond term is wantingi and therefore ad — 
ae + af — AG &c = o. 

■ 

Cor. 2. If the femicircumference be divided into ix. 
any add number of equal parts, as n ; whereof the 
tw6 firft are bf, the two next ef, the two next ed, 
*&c > and if the cords af, ae, ad, &c ; be drawn :' 
iben the produ£l of all thefe cords, af x ae x ad 

n — 1 

ZZ CB "V» 

For if ad = ak, then r ,and o fall in b, and y, 
ae = ai, af = ah, &c ; therefore by this prop. 

AD* X AE* X AF* X AB =Z AB X ? 



»n— 1 



Cor. 2\ The fame things fuppofed as in the laft cor. 

fjay, AF — AE + AD &C = CB. 

For by Cor. 1, 2ad + 2af z: 2ae + ab, 

Cor. 4. If auh br z: »x bg, and the cord ar 
drawn, and the reft be done, as is fuppofed in the prop, 
then the product of all the cords ad x AE x af 
&V z= ar x cb*- % and ad + af + ah + ak ^ 

AS + AG + Ai. 

For 
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» 9 I 

f I Q m For it will appear with a, {tide confideration, (hat 

• c 

19 jlB + bo = half of db = — » or » x ad + » x 

^o = fc. But n x bo =; br, therefore »xad 
se |c f-^-B rhar, therefore this cor. comes to 
the cafe of this, propofuion. 

Cor, $. If a quadrant be divided into any odd 
number of equal parts, as n j and a be one of thefe 
parts, radius = r. Then the produft of all the fines, 
ff 14, 34, 5 a, 7 a, 6fr, in the quadrant =: 

^4- 1 



*1 



This follows frotr> Cor. 2, taking half th$ co*4 
for the fine of half the arch, and half radius fojr 
cb, and multiplying both fides by r # 

PROP, XL. 

If the circumference of a circle, wbofe center is c, 
h divided into any odd number of equal farts, as n p 
at the points a, e, r, g, h, i, k, and from am 
me, as a, to all the reft, J here be drawn the cords 
ae, AF f ag, &V. / Jay the produtt of all thf 

COrds, AE X AF X AG X AH X AI X AK = » X 
AC*- 1 . 

For let the arches ad, ar be infinitely final!, and 
they will coincide with their qords ; then the cord 
ad, is to the cord ar, as I to n, and with this ratio 
the cords ad, ar vanifh when a and d coinci'de, 
and therefore by Prop, xxxvn, i x ae x af x a <* 
&c = n x cb""-" 1 . 

Otherwife. 

If ad be ±z o, then n times the arch ae, af, 

ag, &c, always ends at a, and therefore Y, the cord 

i of 
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pf thsfe multiple arches is :^o, therefore if / zz cord fiQ 9 
pf the (ingle arc h, we fhall have (by Cor. % Prop. 7. 

xxv, ) ns — ?' m ~T 9 l s l &c == o, wherein one root jr 

is zr o, and the equation being divided, we have n — 
/ &c zz o, wherein the abfolute number is 

n pr rather nr*~- *, which therefore is equal to the ' 
product of all the roots, whofe number is now »— 1. 

Con 1. If the fcmicircutnferencc aeb he divided, q; 
into any odd number of eqqal parts , as n\ whereof the 
two firft is ae, the two next ef, the two next fg, 
©V. And the cords ae, af, ag, &c 9 be drawn: 
lfay 9 the produff of all the cords ae x af x ag 

£$C = CB * X V ». 

For as = ak, af = ai, &c ; therefore ae* 1 x ' 
a#* X AG* = n x ac 1 "- 1 . 

Cor. 2. if /A* quadrant of a circle he divided into ' 
any odd number of equal parts 9 as n 9 aqd a be one of 
them 1 then the product of all the cqfines' of a, 3 a, 

— tin! 
54, 7 a, ^,-H J x/», ^ 

This follows from the laft cor. becauft f aq, 
! f af, &c, are the cofines of f bg, \ bf, &c, or of a, 
3A, &c. 

j 

Cor. 3, Hence alfo 9 the fame things fyppofed as in 
this prop, fbefum of the fquares of the cords ae* + 

AF* + AG* + AH* + AI* + AFC 1 = 20 X CB*. 

For in l he equation ns s* &c z= o 9 orf ra- 

^ 24rr 

ther by Cor. i Prop, xxix, k* •*- »#*—* &c zz o 9% 
one root # mo, which being divided, #*— » — »#*— * 
&c = o, fincc here the index decreases by 2, there- 
fore 



r 
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f I G. fore xx is the root of the equation, and n or nr* the 
9* coefficient of the fecond term is the fum of die 
roots, that is, of the fquares of ae, af, ag 5 which 
doubled gives the fum of all .the fquares. 

PROP. XLI. 

12. V the circumference of a circle, whofe center is c, 
and diameter ab/ be divided into any odd number of x 
equal parts, at the points d , e, f, g, h, 1 ; and 
from any point a, there be drawn the cords ad, ae, 
af, o£c And the arch ar be taken zz n.xarcb ad, 
and the cord ar drawn 1 then the produft of all the 

COrds AD X AE X AF X AG X AH X AI = AR )£ 

CB*— x . 

* 

Let cord ar =: c> and x zz cord of the fingle arch, 
then by Prop, xxix we have — x %n + inx**—* &c 
rz cc. But xx or the roots of this equation are 
ad*, ae% af x , &c ; and therefore their produdt 
Ad* x ae 1 &c == cc or rather ccr z *- z , and extract- 
ing the root, ad x ae x &c zz cr**~ l . 

Cor. 1 . The fum of the fquares of all the cords ad* 

+ AE* + AF* + AG* + AH* + AI* = 20 X CB\ 

For the coefficient of the fecond term is the fum 
of all the roots zz in or anr*. 

jj. .Cor. 2. If the Jemicircle aib be divided into an 
even number of equal parts, as n; and the odd cords 
ad, ae, af drawn j Ifay their produff ad x ae X 

n 



12. 



AF = CA^ X \A. 

For in. this cafe, ad zz ai, ae =: ah, and 
ag, and ar zz 2cb, therefore ad* x ae* x At* 

A* X CB*~ X ZZ 2CB».. 



PROP. 



j 
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PROP. XLIL 

If the circumference of a circle, whofe center is <J, FIG 
be divided into any even number of equal parts, at a, 8. 
d, e, &c, and from one of them, as a, there be drawn 
to all the reft the cords ad, ae, ab, ag, ah ; I fay the 
produfl of all the cords, ad x ae x ab x ao ^ 
ah n ;; x cb*— r . 

For n x ad, n x ae, &c, all end at a, and their 
cords rz o, therefore by Cor. i Prop, xsix, x n ~ l 
— n — 2 . #*~"3 &c . . . + \nx : x V^4 — xx ro, 
and one root x n o, and dividing the equation by 
it and the correfpondent cord of the fupplemedt 

v / 4 — xx (which here is ab); and we lhalL have 

± x»— 2 zp n — 2. x n — 4...-. + i/izzo, where in or * 
|»r*~ a is the reftangle of the remaining roots ad, 
ae, ag, ah, which multiply by 2f, and you have 
ad x as x ab &c := /fr*— *• 

This prop, is alfo evident from the la.ft prop* by 
fuppofing ad, ar infinitely fmall, and to vanifh in 
the ratio of i to n> 



PROP- XLIII. 

If the circumference of a circle aFha, ttohofe dia- 14, 
meter is ab and center c, be divided into any even 15, 
number of equal parts, as n> at the points D, e, f, g, 
Hi n and from any point b in the circumference, 
there be drawn the cords bd, be, bf, fcjf, and if the 
arch ar be taken z: n x arch ad, and the cord br 
drawn*, I fay, - 

The produEt of the fg uares of the odd cords bd* x 
bf* x bh* == ba + br x CB"- 1 , when \n is an odd 

number ; and zr ba — br x cb«— *, when \n is an 
even number. 

G And ■ 



*5 
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FIG. And the produEt of the Jquares of the even cords 

M" BE* X BG* X BI* = BA — BR X CB 1 """ 1 , when 

\n is odd 9 and r: ba + br X cb"~" x , when In is 

even. 

For let a be the common origin of the arches ; 
and let the line pq^ revolve about b, beginning at 
a, and going through the femicircumference abb, 
in which any cord as br being drawn, will be affir- 
mative. But after the point of interfe&ion paffes 
through b, the other part BQ^pafifes through the 
whole circumference, in which any cord br will be 
negative ; then the part pb pafles through the next 
circumference from b, and any cord drawn in it 
will be affirmative*; and fo on alternately. There- 
fore if c ~ circumference, a zz arch ar lefs than 
|c , then will the cords of a, 2c + a, 4c + a, 
&c, be affirmative, and the cords of c + a, 3c + a, 
5c + a, &c, negative. Put a = ,cord of br, 
then 

V 

C A S £ I. 

In the arches ad, af, ah, whofe fup. cords are 
bd, bf, bh ; we have n x ad zz a, n x af = 2c + 
a, n'x afh zr 4c + a, &c ; wherefore the cords of 
n x ad, n x af, n x afh are affirmative. Whence 
by Prop, xxx, 

x n — nx*~ 2 &c — izz +a, when In is odd, 

and x" — nx"— z &c + 2 ~ + *, when {n is even, 

that is x" — nx*— 2 &c =: a ± 2, according as \ n is 

odd or even. In which equation the fquares of bd, 

bf, bh, the odd cords, are th e roots ; therefore their 

produft is 2zta 9 or rather %r ± a x f* mml 9 accord- 
ing as {n is odd or even. 

Case 
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Case It. 

In the arches ae, aeg, ae*, whofe fup. cords FIG* 
are be/ bg, Bi; we have n x ae =z c + a, *4« 
» x aeg = 3c + a, n x aei zr 5c + a. There- „ x 5* 
fore the cords of n x ae, * x aeo, n x aei, are 
negative, whence by Prop, xxx, 

x* — nx*~ a &c — 2 = — *, when f » is odd, 
and x" — • »x«— * &c 4- 1 = — - 4, when |» is even; 
that is, & ~ **»— a &c + tf q: 2 z: o, as £0 is odd 
or even. Wherein the fquares of be, bg, Br, the 
even cords are the roo ts, and therefore their pro- 
duct is a zf a or rather ir zp. a x r 1 ^" 1 , according as 
In. is odd or even. 

Con i* The fame things fuppofed ; the Jum of the 144 
fquares of the odd cords, as alfo tbefum of the fquares 
-cf the even cords, bd z + bf* + bh* or be* + bg* + 
Bi* zr n x cb** 

For the coefficient of the lecond term in both 
equations, is n or »r% the fum of the roots. 

w 

Cor, 2. The produft of the fquares of the odd 
cords •+• the produft of the fquares of the even cords, 

that IS, BD*. X BF* X BH* + BE* X BG* X BI* ZZ 
4CB*. 

Cor. 3. Hence alfo if the circumference be divided **>• 

into an even number of equal parts as n\ and cords be 

, drawn from any point b to all the reft? then the fum 

of the fquares of the alternate cords will be equal to 

each other, and to n x cb* ; ba x 4- bf* 4- bh* 4- 

BL* -f- BN 2 = BE* + BG* + BM* + BO* ZZ n X 



CB*. 



This follows from Cor. i, fuppofing the point o 
to coincide with b., and d with a in Fig* 14, 15. 

G 2 Cor. 



34- - 

FIG. 
1 6. 



»7' 
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4 

Cor. 4. If the arch ar, the multiple of ad* be 

^greater than half the circumference ; then the cord of 

the fupplement will be — a. In which cafe you tnuft 

write — br for + br, and + br for — br, in the 

prefent proportion. 

Scholium. 
, Since the fquare of the cord = verfed fine x di- 
ameter, therefore, in the foregoing propofitions, and 
their corollaries, you may, by fubftitution, find the 
fums or produ&s of the verfed fines of arches, in- 
Head of the fums or produfts of the fquares of the 
cords correfponding to them, 

PROP- XUV. 

If the circumference of a circle, whoje diameter is 
ar, and center o, be divided into any number of equal 
parts as n, at the points a, c, e, p, fc?r, beginning, at 
a i and from any point p in the diameter ar, be drawn 
the lines pc, pe, pc, &c: I fay, the praduEt of all the 
lines ap x pc x pe X pg & c thro 9 the whole circle is =. 



ao' 



op*. 



For draw the cords ac, ae, ag ; and from c, 
s, l£c y let fall perpendiculars upon the diameter, 
ar, as ci, fcfr, and let ao or or = r, po ~ x, 
ap — y = r — x. Then pc* = ap 1 + ac* — 2pa x 

ai n'yjF' + AC* — ^ --* 



AC 



X 



that is, pc 1 3/H — ac* 

J r 



x 



rthefe multiplied 



likewife pe* = y* -\ ae* 

J r 



x 



alfo pg* z=y x + -ag*, i$c 

r 

together, produce pc* x pe* x pg* =xj 6 -I — y* X 

AC 



-w- 



1 






Act 






J 



* / 
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AC* + AE* + AG* + *JL] % X AC* X AE* + AC* X AG* 

rr 

+ AE* X AG* + -^ X AC* X AE* X AG* = PC X P ^ X 

r 

pe X p^ X pg x P£. JBut in the fecond term of 
this equation, ac* + ae*'+ag* is the fum of the 
Iquares of all the cords (ac, ae, ag) which call 
a. And in the third term is the furti of all their 
rectangles := b. In the fourth term, the fum of all 
the folids = c, and fo on. Likcwife the index 
of y in the firft term is » — I, when n is odd, or 
n — % when eyen. This being premifed; the equ&- 
tion will be expreffed in general thus, pc x p^x pex 

?e&c=y n — 1 + OLy—iA + —y»—SB + — y"-7Q 4. 

r rr r l 

x* 

— *■— 9 d &c when n is odd. And pc x Pf X pe x 

r 4 

p<? &c zr j"~ 2 + !y—+ a + — jr~ 6 B + — j*~ 8 c&c 

r rr r J 

when n is even. Let x zz cord of ac, ae, $te ; 

then, 

C A S E I. 

If n be an odd number; then by Cor. 1 Prop. 

x* 
xxix, the cord of n times that arch = . — 

— — -&c zr o in this cafe. But here one root; is x =0, 
by which dividing the equation, arid multip lying by 

r*— *, you will have x*—*— wV~-3 +. ~ r **""' 5 ""* 

?.\ n ~^: n VV^ &c = o, wherein the roots afc 
6 

ac, ae, ag, A£, Ae, ac. But fince ac ±z ac, aesz. 

Ae, ag rr A£, and fince in this equation there are 

only the even powers of x ; therefore xx is the al- 

G 3 gebraic 
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FIG. gebraic root of it, and all the particular roots are 

17- AC*, AE*, AO\ 

But in every equation, the coefficient of the fecond 

. term is = the fum of. all the roots, therefore ac* 

+ ae* + ag* zz nr % zz a. The coefficient of the 

tl ft m ^ mmm 1 

third term zz fum of all the re&angles = — -r* 

= b, the coefficient of the fourth term = fum of 

all the folids = c =: *-* — *-* — $? an d fo on, 

6 
Therefore putting for a, b, c, &?*, thefe their va- 
lues, and we fliall have pc x pe X pgx pj &c = 

**-' + ty«~i x nr*+ — y"~ 5 x !LJLZlr+ &c = 
r rr 2 



n.n 



±m £ r *#y~7 &c, that is (putting r — *? 

6 



for y and involving) 



2 6 

I 2 

2r«— 3 ** + 2_— ir"-^** &fr 

2 '2 

■ *i ■ . 

; — ■ D r»—Ax z £sV 

+ ,x*- 1 

. . . + x n ~ l 
Then multiply by pa or r — #, and you will have 

fa x *<-* X *e X pg x P£ X p* X p* = r*— *"• 



Case 
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Cass II. 

If n be an even number; then by Cor. i Prop. FIG. 
xxix, the cord of n times the arch = s/qrr — xx x ***• 

— — &c z: o, jn which is one root 

y = o r and dividing the equation by a? and t he cor- 

refpondent cord of its fupplementv/4^ — xx (which 
here is ar), and m ultiplyi ng by f g ~S you will 

have *■- *— ■ 2Hf rV-4 + *~ 3 :*~ 4 rV-* — 



„_ 4-»— 5-ii— 6^ , &c _ in which thcre 

6 \ ' 

being only the even powers of x, the roots are ac% 

A£% AG*. 

But in this equation,- the coefficient of the fecond 
term is = fum of all the roots ac* -+• ae* + ao* zr 

n — 2xr*=A. Thecoefficientof the3*termis thefum 



■*>■■■■*■ 



of all their re£iangles = n ~ 3 * n ~ V = b. The* 

2 - 

coefficient of the fourth term is the fum of all the 

^—^•^mm^mmmm MaHwa^gi *■■«■■« 

folids=r w '~ 4 - w ~5- w — V =c> and fo on. Therc- 

.6 
fore putting for a, b, c, &c, their values in the ge- 
neral equation, we have pc x pb x po x vg &c 

=y~- 2 -j--v»— 4 X »-2^*+ -y- 6 x **~^-' ^""V 

r" r* 2 

• ■ " •"•■" ■■■■-■■— 

&c z= j"~ * + » — 2 . r#7«— 4 + IZZAlJLZl^ rWy*—* 



+ « s rWf * &c,that is (putting 

6 

r— x fory and involving) 

6 4 =**-• 
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m — . , n — 2*n — 7 m . % n — 2.» — ?•» — 4 , a 



« — 2.» — 4 «— 2.H — 4.» — c 



I 2 



T "~" 'oec 



, » — 4»« — 5«»— 6« 
+ 6 * C 

. . . . &c + **— * 

. . . + x n - z 
Multiply by pa x PR or rr — xx, and you will 

have, PA x PC X PE X pg x PR X P£ X P* X 

pc rr"-f x». §>j E< D. 

FIG. Cor. i. If the fenticircumfe^ence aer be divided 

18. into any number of equal parts as n; at the points a, 

b, c, d, &>V, and from any point p in the diameter 

ar be drawn lines to all the even points of divifion % 

t as pc, pe, pg ; I fay, the product of pa into that 

of all the fquares of theje lines, pa x pc* x pe* X pg% 

if n is an odd number, or of v A and pr into theje 

fquares, pa x PR X pc* x pe* x pg* // n is evert, is zz 

ao" — OP". 

For if n x ac z= whole circumference, then n x a^ 
zr half the circumference, and vc rz pc, p*:z pb &c. 

Cor. 2. If a femicircle be divided into n equal 
parts, and one of them be k, and s r f, u, (fc, be put 

for the ccjine s of 2k , 4k, 6k, 13 c> to a- — i . %, if n 

is 'odd, or to n — i . k if even ; then I fay, r\ — x x 

rr — 2sx+xxxrr — 2tx+xxxrr — 2ux+xx &c, if n 

be an odd number ', or r — x x r + x x rr — 2sx + xx 

xrr — 2tx+xxxrr — 2ux+xx 6?r, (if n be even) zz 

For let a, b, c, &c, be the fines of 2K, 4k, 6k, &c, 
or of ac, aEj! ag, &c i then ci = a, oi = j, pi 
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— * — *> ap = r — *, pr zr r + x, and pc* == aa + F I G. 
^ — x =aa+ss — 2sx+xxzzrr— -2sx^-xx; after the '8. 
fame manner pe*— rr — 2tx + xx, and pc*i=fr— 
aux + xx, &c ; and by Cor, 1, the produft of thefc 
into r— x, or elfe into r—xxr+x, \szzr n ~-x n . But 
obferve that the cofines of arches greater than 90% 
will be negative. 

Cor. 3. Hence alfo if d, e, f, &V, be the fines of ik, 

2K, 3 k, fifc, thenyxf+ ^ x f+^ x f+6£* 

*j> r r r 

&c> if n be odd, 

Or y x7&xf+±!£xf+^xS+l£!L&c. 

r r r 

if n be even, n r n — x". 

This follows from the demonftration of this Prop, 
for 2d zr ac, ae zz ae, 2f= ac, &c. 

Cor, 4. Alfo, if a, b, c, &c, be the verfed fines of 

2K, 4K, 6K, &C l 

then if n be odd, y 1 — : — ,— 

if n be even, y x7+x J>^+*«><rN-afa><f +*» 

fc?, = r»-*». Fora=!*i,bzz™,c-2ff. 

r r r 

Cor. 5. And if p be taken without the circle at ir, 
the produft of all the lines wa x *tc x *e X *g &c =; 

For let ot : oa : : oa : op. And let the lines 
pc, pe, &c, be drawn i then fince to : co : : co 
: op, and angle o common, therefore the triangles 
voq and *cop are limilar, and for the fame rea- 
fon, v eo, and eop, &c. Whence iro : co : : 
ttc : pc : : tte : pe, &c, : : ttr : pr : : wa 1 pa. 

Therefore pa zz 



-rxffA rx*K 

" 9 *%> — — — 



7TO 



'9 *** — — i 



PE 



vO 



., &c, p6 =: 



rr 

irQ 



VO 7TO 

Whence ap x Pfc 

X 
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FIG. X n X pg &c = "XKxrtxrtfa^, 

*0* i 

fin 

— , or tAXtcx *e &c zr *-o* — r*. 
*o* 

PROP. XLV. 

x - /jf the circumference of a circle aeg, wbofe diameter 

i8. *•* ar, and center o, £* divided into any number of 
equal parts as n 9 at the points b, d, f, &c, and the 
part Bb be bifeSed by the diameter ar ; and from any 
point p therein there be drawn the lines pb, pd, Pf 
&c. I fay, the produft of all tbefe lines pb x pdx pf 
&c> thro* the whole circle > is — ao*+ op». 

For let all the parts bd, df, &c, be bife&ed in 
c, e, &cc 9 and pc, pe, &c, drawn, and then the 
circle will be divided into 2» parts, therefore 

^prop/ I PA X PB X PC X PD X PE &C n A0*» OP", 



.«• « 



"rJi^ } pa x pc x p * &c = ao " ~ op 

therefore by J pb X PD x PF X PR X p/x P^X P^> 

divifion J when * is odd, 

or PBX PDXPFXPHXP^XP/XP^XP^j 

AO* ft — OP 2ff 

when »b even,is= . z= AO" + OP". 

AO" OP" 

Cor. i. If the femicircumference aer J* divided 
into any number of equal parts as n % in the points 
a, b, c, d, &c> and from any point p in the diameter 
AKy^the lines pb, pd, pf, &c, be drawn to all the odd 
points of divifion: then y theproduH of all their fquares, 
if n is even, pb'xpd^pf'xph 1 ; or that produS 
xd by pr> that is> pb 2 x PD a x pf x x PR, if » is odd, 

is = AO" + OP*. , 

For if n x b£ zz whole circumference, then n x ab 
zz -J- circumference; and p£r=pB, p^zipd, &c. 

• Cor. 2. Jf a femicirde be divided into any number 
ef equal parts, as n } - and one of them be k, and 
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s t t„u t &c, be the cofines of ik, 3K, 5K, &?<•, to FIG. 
» — 1 . k witf* n is even, or to n—a.K when n is odd. \\ 
2*hen I fay 



i8. 



rr~2sx+xxxrr-2tx+xxxrr~2ux+xx&c= r°+x% 

when » is even, or' 

.. — — — — — — — — — — — " ■- ' ' _ « 

r+xxrr—asx+xxxrr— 2tx-t-xxxrr—>2ux+xxs£e 
♦ zz r 9 + x n y when n is odd. 

For if a> b> ?, &?f, be the fines of ik, 3K, 51c, &V; 
then the fame way as in Cor. 2 Pr. xliv, will be 
found pb*zz rr — asx+xx, pp*:z rr — 2tx+xx, pf 4 
— rr-*-'2ux+xx> fc>V; whofe produdt alone, or elfe 
multiplied by r + Xy is, by Cor. 1, zir' + x". 

If v be without the circle as at n, it will Jlill be 

f B X ffD X t? &?r = AO" -f Ott\ 

For by this Prpp. and Cor. 5 of the laft, that 
produft will be <>**"— AO ** - Q7r » + AQ *. 

f Ott b — AO? 

PROP. XLVI. 

. *■ ■ 

If the arch xe of a circle be divided into any 10 * 
number of equal farts as n y of which ab is one 9 
and if the whole circumference be divided into the fame 
number of equal parts, at the points B, c, d, e, &c' y 
^beginning at b ; and if from any point p, taken in 
the diameter ar, the lines pb, pc f pd, &c, be 
drAwn, and et be let fall perpendicular to ar to 
interfett'it in f, between the center o and r. And if 
Aozr, op zr x, of zz b j then I fay the froduft of 
all the fquares pb 2 x ?c z x pd 2, X pe* &c = r\* + 
2br*— l x n + x zn . 

For let ao — r zr 1. ap z= y tz i — y, then you 
will find as in Prop, xliv, pb*zzj*+#x ab% 
pc* z: jy* + x x ac% pd* n y % + x x ad\ &V ; which 
multiplied together, produce pb* x pc* x pd* &c 
rz y + ax?*— * + b*V""* + c#y — 6 &V 4- f#", put- . 
ting v ;z 20, a zz fum of the fquares of the cords* 

AB* 



1 
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JF I G. ab* + ac* + ad* &c, b = fum of their re&angles, 
20* c — fum of their, folids, &c y and f product of 
them all. 

Now if z be the cord of an arch, c the, cord of n 
times the arch, then by Prop, xxix, z v — vz*-* + v* 

!^Z3 z ^-4— v . »— 4-» — S.g-6 & c= ± cc. 

2 2 • 3 

In which equation, the root Z2? reprefents indif- 
ferently the fquare of any cord ab, ac, ad, £s?r. 
Therefore by common algebra, the fum of the 
fquares of the cords, ab* + ac* + ad* &c i= *, 

the fum of their products ~ v . v ^ s fum of their 



folids = 9 x - — l-l!! — £>&V,andtheproduaofaIl 

a -J 

= cc\ Whence we get a =: v, b n u ' * 3 c == 

» . p — 4 . v — 5 

2 — j t57^> and f _*r. Confequently pb*x 



PC*yPD*^fzr^+i/Arv^^+».!L^v>^44- >v """4'»--5 

2 2.3 

X *y--6 £f, _|_ ,^*. anc J putt j n g r _^ f Qr ^ an( J 

involving, we have pb* x pc* x pd* &V '= 



2 * 3 



2 



2 2 1 

&C 

Hence it will appear, by fumming them up, that the 
Coefficients of the fecond, third, &c, terms are c, „ 
till you come to the middle term, where you have 

ccx* 
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ccx* (the index n being \v) ; likewife beyond the FIG, 
middle term they are o, • becaufe the coefficients are sc*. 
the fame at equal di fiances on each fide from the 
middle $ whence they all vanifh till the iaft # # . 

Now to find the coefficient of the middle term, 
it muft be obferved, that ccx n fupplies the place of 
the firft term of the next horizontal feries ; which 
term, if it were there, then the fum of the coeffi- 
cients (in that perpendicular column) would there 
alfo be = o, as before. Hence it follows, that if 

» :z 2, 4, 6, &c, that the term >#, v. *~.3*», ».* f 

2.2 

• 5# J , &c, will be wanting, refpe&ively, which 

term is 2#, 2**, 2x\ &c, refpe&ively. And in gene- 

ral, the term wanting is always — — y« 

1.2.3 ...» — *•* 

= — x" = ix*. Confequently the middle term will 

be found to be — ix n + ccx*. But cc = ar x af 
— 2 + 2^, therefore — ix* •+■ 2 + 2b . x" = 2bx n is 
the middle term. And therefore pb* x pc* x p"d* 
&c, thro* the whole circle, zz 1 -+• abx n + x zn , or 
rather r zn + ir*— l bx n + x zn . 

Cor. 1 . Jf /£* ^r^ ac be lefs than a quadrant \ and 21. 
f lie from o towards a; /Act will pb 1 x pc 1 x fd* x 
Pe 4 &c zz r 2 " — ibr*-~ l x n ~j- a; 2 ". 

This follows from this Prop, putting — b inftead 
of + by as lying on the contrary fide of o. 

Cor. 2. If p £* without the circle as at w, //*» 20. 
w/7/ ttb s x tc 1 x ffD 1 &c =: r 2n ± ibr n ~ ml x n + # 2 % 21. 
according as f /<*//;■ beyond, or on this fide of o, in 
refpeft to p. 

The demonftration of this Prop, equally proves 
this, fince the even powers of x — 1, are the fame 
with thofe of 1 — x, and y or 2» is an even number. 

Cor. 
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FIG. Cor, 3. Let b = cofine of an arch a or At, -to the 

"" nfcfiw r ; «»^i = b, &1 = c, <j*<* j, f, », &c, the 
n n 

coftnes of b, B + c, b + ac, B + 3c, &c, to B + 
» — \.c,to t be radius r, x =. any quantity; then I fay, 
rr — ux + xxx rr — itx + xxx rr — lux -+- xx &c, 
to n terms, is = f" — 2ir*~"x" + x 1H . 

For let a = Br the fine of 8, s = 01 the cofine, 
then pb* — Bi* + pi* = aa + s — * ~ <w 4- j/ — 
.2«t + ** — rr — 2sx + xx, for the fame reafon 
pc* — rr — 2;* + xx, pd* = rr — 2»* + xx, 
&c; but by Cor. 1, the produft of thefe is =r 1B — 
ibr—'x* -f- * 1B . 

If a be greater than a quadrant, write 4- b for 

— i. Likewife any of the cofines, s, t, u, &c, of 

arches between go and 270, is negative, and there- 

m fore iii that cafe write + J, + /, + » inftead of— s t 

—•/,—«, &c. 
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BOOK II. 

Plain trigonometry, or the do&rwe of plum 

triangles. 



**m 



JT\LAIN trigonometry teaches the relation of the 
JL fides *nd angles of plain triangles, and how 
. to calculate their fides and angles. 

A plain triangle is made by three right lines, 
^which are called it*s fides, and if one fide be perpen- 
dicular to anether, or makes a right angle with it*, 
then it is called a right-angled triangle, otherwife it 
is an oblique triangle. % 

- A right angle is meafured by an arch of 90% an 
acute angle is lefs, and an obtufe one greater than a 
right angle. 

In a right-angled triangle, the fideoppofite to the 
fight angle is called the hypothenufe ; and the other 
two, the legs or Jides } or fometimes the perpendicular 
andiaje. > 

In alj plain triangles, the fum of the three angles 
together is 180 degrees : and in a right-angled tri- 
angle, the fum of the two oblique angles is 90 . 

When three letters denote an angle, the middle 
letter is always at the angle. 

SECT 



~1 
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SECT. I. 

ft he relations, and fever al proportions among the 
fides, and angles of plain triangles. 



PROP. I. 

FIG. -& an y right-angled triangle cab, let the hypothec 
i. nufe ca zz b, and ca — cb or bd := ?/ ; /£*«, 

h 3.4* 5.80 7.1a* 

z= * #£/* acb in degrees \ where a, b, c *re the pre* 
ceding terms. 

' For with the center c defcribe the arch ad ? then 
bd or v is the verfed fine of the areh ad, and 
radius b -, therefore (by Prop, xiv, b. i,) arch ad =: 

s/ibv + -a + -^-rB + -JLL.C &c j but as half 

3*4* 5-8^ 7.12b 
die circumference 3*14159* : 180 degrees : : ad ; 

180 AD , = degrees in the arch ad = 1Z£2CZ2 
3.14159* b 

X ad, that is, L. acd =: zL25L y.\/ ibv + -a 

h 3.40 

&C = 57.2957V/— + ^rA + JJLb & C . 

h 3-4* 5°' 



Cor. 1. As the fum of the hyp. and § longer leg- 
ac + £cb : 

ST* 86 : : 

So the floor ter leg ab : 

To its oppojite angle c, nearly. 

Let cb = b, and ab = e 9 a zz L. c in degre es, 

then by the nature of the circle, c — V2bv — w = 
7 v'ato 
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v/2^w~-Lv / '2iv&c,by evolution. Thenbythis prop. FIG. 

4* 1. 

Vibv: 'nearly ; multiply this 



b 11b 

equation by the former, and you have a x : >/ihv— 

OLy/ibv — £L££x : s/^Jbv + JLs/Thv, and di- 
4b b 12b 



. V 



viding by s/sbvy a x 1 — ~ = $~£ x 1 + 

40 » 12& 



i * 



And * 7 -3 g = « X — = ( b y divifion) a x 



120 



i '— * &c = a X tlZZ - a X &ZZ±±± = 
£J* ; ' 3b _.. 3 b 

* X — - — , whence a x *b+b = 171.9c = 172c , 
nearly, or f+Jbx a. = 86f. 

Scholium. 

.... . • # 

If <•= 1, » = 57.3, then £» = 86, and by Cor. 1, 

* + i* : 1 : : £* : 0, and 2<& + £ =: if, and £= 

2«. 2 20 2 A 

VA&— 1. This equation reduced gives & r: — — 

^ _ v « 

V^2i — £.- Whence * - 2* - 2* ; which is 
Forfar's rule. 



yj 
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« 

PROP. II. 

FIG. In any right-angled triangle cab, let a — degrees 

in the leffer L c f m = a tfben 

57.29578 » 

As* : 



1,2.3.4 1 ... 6 i .... 8 

Cor. 1 . If a be the leffer angle, in degrees, then it 
will be> 

As SL2 + -ifL : 1 : : hyp. ca : op. Jlde At, 

a 1000 

nearly. 

For let » r: 57.3, then cb* = bb — a* + ~ &c* 

3** . 

and ab* = c a* — cb* = z — ^-, and extra&ing 

3 
the root, ab = z — iL = tnb — 2lf = £ fc 

#&& 6 



1 



1.2 3.4 5.6 7.8 

So the hypothtmtfe ca : 

To the adjoining Jide cb. 
where a, b, c, &c, are the foregoing terms, with 
their figns. 

For let radius ca or cd =: b. Arch ad =: 2, 

then z zz ■ ■ — — zz mh % and by Cor. i Pr. xn 
57.295 &c 

b. i, cofine cb =z h ~ -_- — + &c zz b — 

1.2& ,j«2.3.4# 

+ — — _ — — occ z: ca x * mmm — • + 

1.2b 1.2.3.4^ 1.3 

m* m 6 + «F &c< 






"•a 
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■> f ii 



2L — £. j and dividing both fides by d— fi, £ =: * J a 

* G* 103 r 

Cor* a. If a be the lejfer angle in degrees, then 

As 1 1 1**- n ,. 1 : : hyp. ca : adjoining fide sci> 

10000 . 

marly* . 



1* 

For cb = ca x 1 — £- r'ci'xi-" 3 

2 inn 

fcA X I ••— ■ - ■ ■ ' . 

ioeoo 

Scholium. 
Let q zz 90% y = j — *, then finCe eft r= c a x 

J?f-, by divifion ca r ca x 1 + ii, and 
inn inn 



*—** 



cax; = cbx; + ^ But!*? =2 J™. = 

!2l + *H!!1 &c = 292 -f 3a. Therefore ca x 

t «L^ _ 

i =: cb xj+ — 4 ** ■ m Marly, which is Wilton** 

300 + 3* 

rule. 

Since in a right-angled Mangle, the fquareof the 
hypothenufe is equal to thefum of the fquares of the 
fides. And in any triangle* the bafe is to the fum 
of the fides, as their difference, to the difference of 
the fegments made by a perpendicular. Therefore 
by thefe and the two foregoing propofltions and 
their corollaries, all the cafes of plain triangles may 
be.refblved, without any tables whatever : dividing 
tblique triangles into two right-angled ones, by a 

Ha pcrpin* 
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F.I G. perpendicular let fall from the end of a given fide, 
and oppofue to a given angle. 

PROP. HI. •• _ 

I. In any right-angled* triangle cab, any me of the 

three fides being made a radius \ and a circle dejcribed 
from the end of it as a center ; then the other fides will 
reprefent fines, tangents, fecants, &V,* of the rejpe&ive 
angles : then it will be, as any fide* : to what it repre- 
Jents in the table : : fo is any other fide : to what it re- 
prejents in the table* " - . 

Defcribe the arches ad and be, from the center 
c ; then if ca be made radius, ab will be the fine, 
and cb the cofine, of the angle C. And if cfi b* 
made radius, ab will be the tangent, and ca the fe- 
canc of the angle c. And becaufe the fines, tan- 
gents, &c, of any .angles may be found in the tables^ 
therefore, when any triangle, is pcopofed, there may 
always be found a fimilar one in the 'tables; and 
confequently the Tides about the* equal angles arc 
proportional. Therefore it will be, 
As. radius : ac : : fin. c : ab : : cof. c : cb. 
and rad. : cb : : tan. c : ab : : fee. c : ca* 

Cor. i . If two right- angled plane triangles, have the 
fame or equal hypothenufes j tht perpendiculars are as 
the fines of the angles at the bafe ; and the bafes are as 
the fines of the angles at the vertex. - 

For they are both in the given ratio of hypothe- 
nufe to the radius. 

Cor. a* If two right-angled plane triangles have 
equal bajei \ the perpendiculars are as the tangents of 
the angles at the bafe ; nnd the hypothenufes art reci- 
procally as the fines of the angles at the vertex. 
\ For the perpendicular and tan. oppofite angles* 
are in the given ratio of the bafe to the radius* 
... And the hypothenufes are as the fecant? of the 

angles 



Seft/r. ^/TRIGONOMETRY, joi 

anglesat the bale, that is reciprocally as the fines of F I G. 
the angles at the vertex. 

.-Cor .-3, Jf two right-angled plane triangles have 
equal perpendiculars \ the bajes are as the tangents of 
the angles at the vertex ; and the bypotbenufes are re- 
ciprocally as tbefifus of the angles at the baft. 

. This is plane by Cor. 2, making the bafe to be- 
come the perpendicular. • 

PROP. IV, 

In any right-angled triangle, cdjb, ^ 

As tbejum of the hyp. and one fide, ce + ed : 
Radius : : 

So the other fide, cd : 
• To tan, half the op. angle, ced.' 

Produce de to b, fo that ebziec, then 4- b — 
L. bce, and angle dec z= ^l.b + bce zz % l. b. 
But in the triangle cdb, by Prop, in, it is, as db : 
radius : : cd : tan. * ; that is, de + ec ; rad, : : 
CD : tan. \ e. 

PROP. V. 

The fides of any triangle, arf proportional to the fines * t 
if their oppofite angles, ab : s. f : : af : s. b : : fb : 

5. A. 

On ab, af let fall the perpendiculars ?h, b£; 
then by Prop. |ii, af : fh : : r : s. 4 

fh ; fb : : s.b : r 
therefore ex equo, af : fb : : s.b : s.a. 

Again, 
As ab : b& : : r : s. a 
and Bb ; bf : : s.f : R 
and ex equo, aq : bf : : s.f : s.a. 

Cor. i. If a line ad be drawn from the vertex of 
fry triangle cutting the bafe ; the rfftangle of the fides 

H 3 and 
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HGt and fines of the vertical angles, fire direQly as the feg- 
merits of the bafe* 

« % CA X S CAD 

For s.cda : ca : : s.cad : cd is ■ 

S.CDA 

And s.cda or bpa • a,b :.: s.dab ; db = 

AB X S.DAB , r • * 

' i — « — , -therefore cd : db : : ca x s.cad- 

S.CDA 
: AB X S.PAB. 

$• Cor. a. If in a triangle two fides ac, cb, and the 

angle a oppofite to the UJferfide cb, be given ; the an* 
. gle oppofite to the greater may be either lefs or greater 
than a right angle ; alf$ the baje and its oppofite angle, 
will have each of them, two feparate values, there- 
fore Jhe three* things required are ambiguous. 

For make cd.hcb, then L. cdb -^-b, and there 
are the two triangles acb, acd, wherein two fides 
and an oppofite angle are given the fame in both s 
therefore the other three things may be found in 
either triangle ; for the angle oppofite to ac may be 
either b or it's fup. adc, and the bafe may be cither 
ab or ad, and it's op. angle may be either acb or 
acd, 

PROP. VI. 

<?• In any triangle abc, 

As the fum of any two fides bc + ab : 
$b their difference bc — ab : : 

3>*. half the fum of their op. angles, tan. t ■ *; : 

mm 

A •—— C 

fan. half their difference, tan . 

Make bd = ba, and draw ad, and bfg JL to 
its likewife fe Jac, then will af iz-fd, de = 

*ni , BAD + BDA _ BAC + C „_ j 

ZG. The 4- ba? i= ~ — ~ . 21 — — -I—, and 



BAG * aMB> C 

JL CAf = BAC — SAF = " - ' ' w « 



The 
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The triangles bfe, bgc are fimilar, whence be : 
ic : : bf : fg. But af : r : : bf ; tan. baf : : 

« 

fg : tan* fag, or bf : fg : : tan. baF : tan. fag. 

Confequently be or £E±1S: ec or Bc 7" BD : : 

2 2 

tan. baf : tan. fag. 

Otherwife. 

bc ; ba : : s.a : s.c, and bc + ba : bc — ba : : p f G. 
s.a + s.c ; u-s,c : : (by Cor. 1 Px. vn) tan. 6. 
a + c a — c 

mmmm—mmmm • Can. •—■—>«■«■• 

« % 

Note, Inftead of the tan. half the fum of the op. 
angles, you may take the cotangent of half the included 
angle y which is equal to it* 

Cor. 1. As the hafe ca : 

Sum of the fides, c j + ba : : 
$0 diff. fides cd : 

Viff. fegtnents of the hafe maie hy a perpendicular 

(or the alternate baf e) : : 
§0 cof f fum op. angles, or S. £ the vertical 

angle : 
Cof. f diff. op. angles, or cof. \ diff. vertical 

angles, made hy a per p. 

For fince df zz f da, fe = f ac ; and in the 
triangle fbe, fe : be : : s.fbd or cof. bdp : s.bfe or 
gfe or cof. dfe. But dfe or dac zz bda — c == 
bad t— c, and 2 dac = bac — c, ilfo § b zz comp. 

A m ^ m C 

■■ , and a — c zz diff. vert. £- s made by a 

2 

•perpendicular. 

Likewife it is evident from geometry, that ca : 
cb + ba : : cd : diff. fegments of the bafe. Suppof- 
jng a circle defcribed with center b and radius ba. 

H 4 Cor. 2. 
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FIG. , Cor. a. As the bafe ca : 
6. ; Difference of the fides cd : : 

So fum of the fides cb + ba ; 
. . .._; Diff. figments by a perpendicular (or the alternate 

bafe) : : 

So fine half Jum op. angles, - 



Sine of half tlpeir difference, 



2 

A 



2 

For in the triangle adc, ac : dc : : s.adb : s.cad. 

Cor. 3. As fquare of the bafe ac* : 

Difference of the fquare s of the fides, bc* — 

ba 1 :: 

S.fum op. angles, a + c : 
S. their difference, a — c. 

For by multiplying the two proportions in Cor. 1 

a + c 



and 2, ac* : cb + ba' x cb — ba : : cof. 



2 



X S. t±l : coC tZZl x S. l=l£ : : ( by 
2 2 2 



Cor. 3 Pr. 11 B. 1) s.a + c : s.a - — c. 

• .- ^ ■ 
Cor. 4. As half the fum of the fides : 

Han. half the fum of the op. angles : : 

Greater fide : 

Tan. I fum + tan. f J//f. *p. angles : : 

Lefferfide : 

Tan. I fum «— te»..f *fl/T. op. angles. 

^ r 1 a + c.^ a— c 
For fince bc + ba : bc— ba : : t.-J — :tv* ,. 

2 2 • 

Therefore, by compofition and divifion, bc + ba : 




s 






Cor, 
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Cor. 5. In any triangle acb, if cd be drawn bi- f j q s< 
fefting the vertical angle c $ it will be, - 0a * 

As twice the reftangle of the fides y a acb : 
To the re ft angle of the bijefting line and fum of the 

/i«,cD xac + cb:: 
So radius : 
Co/, half the vertical angle c. 

!For produce ac, and make cf zz cb, and draw 

fb and cp i- to it. - Then af zz ac + gb, and 

Z. f = L. cbf, and Z. acb zz f + cbf zz if, or 

acd zz f. .And the triangles acd, afb are fimi- 

1 ^ t cb x af 

Jar, therefore ac : cd ; : af : fb = • ■ ■» 

And cf (cb) : rad. : : fp (f fb) : s.fcp, or cof.T; 

that is, 

^ CD X AF j r T 

cb : - : : rad. : col. |acb # 

I2AC 

Gor. 6. As the leffer fide : to the greater : : 

So radius : to tan. of an arch a. 
From a take .45% t hen 

As radius : tan. a — 45, the remaining arch : : 

So tan. \Jum of the op. angles : 

%o tan I their difference. 

For let t be the leffer, c the greater fide, then 
fince — = tail, a, we (hall have (by Cor. 2 Pr. ix 

L 

L G L 



L. 1) the tan. a — 4c — — — ■, — X r zz — r—r 9 

ro , m G + L 

— t T 
• L 

and therefore r : tan. a — 4$ : : g'+ l : g — l : : 
tan. I fum of the oppofite angles : tan. half their dif- 
ference (by this prop.) 



io6 , •' The ELEMENTS Book n. 

JIG. The fame will hold good, if you make, as the greater : 
to t he lefferfi de : : rod. : tan. a, and then take rad. : 
tan. 45 — a : : /*». £/#/» : tan. \diff. op. angles. 

PROP, VIL 

gj. In any triangle afb, 

' . As twice the reEt angle of the legs, 2af x fb : 

Sum of fquares of the legs —fquare hafe : : 

Radius : 

Cof vertical angle, v. 

On fb let fall the perpendicular ac, then (by 
Georn. ii 23) ab* -+- sbf x cf =z af* + fb% 
and 2BF x fc =: af* + fb* — ab\ But by 
Prop, in, af : fc : : rad. : cof. f. And multi- 
plying the two firft terms by sfb, then will 2af x 
fb : 2BF x fQ or af* + fb* — ab* : : rad. ; 
cof. w. 

Cor. 1. Hence thefe are refpeSively proportional, 
As twice the rebangle of the legs : 

Rettangle of the bafe + dtff. legs, and bafe 

— diff. legs : 
] Rellangle of the fum of the three fides, and 

fum legs — bafe : : 
So radius : 

Ver fed fine of the included angle : 
Verfedfink of the fum of the oppojite angles. 

For let m zz af, n zz bf, b zz ab, then by this 
prop, 
r : cof f : : amn : mm + nn — bb\ and by com? 

pofkion, 
r:r± cof. f : : imn : amn ± mm dtnn zp bb> 
that is, by fchol. Prop. 1/ 

_. C verf fup. F 1 . . ^ !>» + «*— bb~m + n+bXm+n-+ 
l vcrf. F J I bb-m-n*=b+ m-n x b~ m^, 

3 Cor, 



J 
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Cor. a. From half the fum of the three fides> FIG* 
fubtraft each fide federally, and note the three re* j f 
mainders. Then, 

As half the reft angle of the legs : 

To fquare root of the produft of this half J urn and 

the three remainders 1 : 
So radius : 
iSine of the vertical angle. 

For let s zz b + m + n, vzz verf. f, vr vcrf. 
fup. f. Then by Cor. 1, _ 



V ' * 



^-1 b + m — nxb + n — m T — J — 2»xj- im 

imn » 2mn 

and Y — h + m + nxm-\-n—l> r _ sxs—2t r , 

imn 2tnn 

And by Schol. 1 Prop. iy 



Vvvr s.f — -L- ^^XJ — 2by^s~ 2mx* — 2n 

ir /S s — %h s — tm fc s — 2n 

= — XV-X X X — 1 — .. 

mn 22 2 2 

Cor. 3. iff the reft angle of the legs : 

Radius fquare : : 
So the reftangle \Jum 3 fides r- one leg, and that 

| funi— other leg : 

Sine fquare of half the vertical angle : : 
And fo the reftangle I fum 3 fides, and that 

m kfam — bafe : 
Cofine fquare of half the vertical angle. 

For multiplyi ng the thre e l aft terms in Cor . 1 by 

\r ; then 2mn : b +m — n x b + n-~ +m : sxs — b 
: : \rr : \rv : frv. But by Prop, n, \rv zz fine 
fquare of half f, and | rv rr c of. f quare of f f. 

Therefore imn u-awxJ-2»ux^—^- f^ * 

fine* : 
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* * G. fine* : cofme\ or mnx*-™ x J ~ 2 »:i x *j£ 

7i 2 2 2 ' 2 

: : rr : fine* ; cofineY of |f. And hence alfo fol- 
lows, 

Cor. 4. As four times the reft angle of the legs : 

J* radius fquare : : 
£0 reSlangle of the tqfe + <#/f. Zijfi, tf»J £*/* 

— <*#. &jp • 
Sine fquare of half the vertical angle : : 
And Jo reSlangle of fum legs + bafe, and fum 

legs — baje ; . 
Cojine fquare of half the vertical angle. 

Ccjr. 5, ReSlangle of fum of the three fides, and 

fum legs; — baft : 
ReSlangle hafe + diff. legs, and bafe — diff. 

Radius fquare : 

Tangent fquare of half the angle at the vertex. 

This follows from Cor. 4, becaufc cofine : fine : : 
rad. : tangent by Prop. iB.i. 

Scholium. 

Inftead of the reSlangle of the legs, you may take 
a quarter of the reSlangle, of the fum + the difference 
of the legs, into the fum — diff. legs; which is equal 
thereto. 

Likewifc inftead of half the vertical angle, you 
may take the complement of half the fum of the op$o- 
fite angles, which is alfo equal to it. 



1 
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PROP. VIII. 

4 
m. - t > 

' In any triangle ^ fb, I fay, FIG* 

ab — A * X€0 J- A : 5, A : : A1 * : /«, 0*^3/?// 4. b. * 

For let fall the perpendicular' fr' on the t>afe ; 
then in the triangle afr, rad. : af : : s.a : fr 

=. tl*±± : : cof. a : ar = AF x ** A . And 

«R ~ AB AF X COJ. A^ thcn BR . ^ . . - r ^ 

" r ' . • .' 

AF y S A * ^-c 

,, * : tan. b. Or br : s.a : : af : tan. b. 
r • * 




Cor. w - „ . - 

rad. 

For FB* =: AB* + AF* — 2AB X AR, 

PROP. IX. 

In the triangle afb, draw fr perpendicular to the £i 
bafe, and make br n rd j then, 
As the bafe, ab : 

To* the difference of the fegments ad : : 
So fine of t$e vertical angle f : 
To fine of the diff vert, angles, or S. diff. angles . 
at the bafe b, a. 

For ab : s.afb : : v fb or fd : s.a : : ad ; 

S.AFD. - .< 

And JL B — • Z. A = L FDB — /L A IT Z. AFD. 



PROP. 
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prop, x; 

F I G* d* co f* &ff m tingles &* the bafe — ccf./um : 

9. Sine of the vertical angle : x 

So perpendicular : 
Half the bafe. 

Tor let ad6 be the triangle, dp the perpendi- 
cular, c the center of the circumfcribing circle, 
dr^w ecg perpendicular, and of parallel to ab, &c. 
the £> icb ( = 2eba) is the fum of the angles 
a, B, whofe verfed fine is eg, and ecd or sebd 
is the difference of the angles a, b, whofe verfed fine 
is ef i therefore the difference of thefe verfed 
iines, or the difference of the cofines, is fg or dp. 
Alfo gcb or adb is the vertical angle, whofe fine is 
en/ And therefore dp : gb : : diff. cofines : s. 
vertical angle. 

Cor. As fine of the diff. angles at the haje : 
Sine of the vertical angle : : 
Diftance of the perp. from middle of the baje : 
Half the bafe* 

For fd is the fiae of the difference of the angles 
A, b ; and fd ot gp ,: gb : : S. diff. : S. veru an* 



gle. 



PROP. XL 

* 

As radius : 

So fam of the cotan. half the angles at the baft : s 

So the perpendicular : 

To fum of the three fides. 



Put 



Se&.i. ^/TRIGONOMETRY. i« 

Put fr = /, radius = r, then by Ptffcp. jv, F J <J< 

tan. | a : r : : r : cot. \ a : : p : af + ar> & 

and r : cot. f B : : £ : Bf + br 5 

whence af + bf + ab == * t , . * ■ ■ ■ . , , p % 



PROP. XII. 

1^ a right-angled triangle ac^, J#^ 

As radius : 

Sine of doable one acute angle, a or B : t 
Square of the bypotbeniife : 
Four times the art*. 

* - 

Draw cd JL ab, and hifeft the hyp. ab in e, and 
draw £c ; then as r: ec = eb, becaufe acb may be 
infcribed in a femicirele 5 then by fimilar triangles, 

AC V BC * t#- -m 

ab : bc : : ac : cd z , ,,A — . Alio L ced zz 

AB 

/. b + bce = 2B, and ceb zz 2a. Therefore by 
Prop. in, as rad : ce or |ab : : s.e : cd, or fad i 

s.e : : f ab : AC x c » : : f ab* I ZSJL21 or the 

AB 2 

area of the triangle. 



PROP. Xflll, 

Js radius : 

To fine of any angle of a triangle, a : : 3* 

So half the re£t. of the including fides, £L£ A * • 
fp the area of the triangle. 



For 
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PIG. F° r the area of the triangle afb is § ab x fh ; 

* but rad : af : : s.a : f*i !— * fxs;a , therefore th« 

„*-« — af/x ab x s.a 
area rr r * • 

PRO P. XIV. 

As cof diff. — cof.Jumof the angles at the bnfe ; 

Sine of the vertical angle : : 

So the Square of the perpendicular': 

To the area of the triangle : : 

Andfo the area of the triangle : 

To thefquare of half the baje. 






For by Prop, x, cof. b — a — cof. b + a : s.o 
: : dp : gb : ; dp 1 : cbxdp the area : : gb x 
dp : gb\ . 

PRO P. XV. 

• • * 

In any triangle. 
As radims : 

Tan. half the vertical angle : : 
Reft, of half the perimeter* and that half*— baje : 
To the area of the triangle. 

For, let s = s.Afb ; c, t, r the cofine, tangent, 
and cotangent of half afb, w»'=af, » = fb, a* 

= b t z = 1±l±l. Then by Prop, xm, HHH = 

••■' •• <•" a ■: . •-. •»• 

ICC CLCCt 

area, but by fch. Prop, n B. x, s = -L == — , 

therefore — — = area. And by Cor. 3 Prop, vii, 

HO™. = z x z^b y therefore 2 * 2 — * / =area. 

Cor. 
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Cor. As radiu^i FIG. 

Cotan. half the vertical angle : : 3* 

So refi. baft + diff. fides \ and bafe — diff. fides : 
Four times the area of the triangle. 

For if a rz s. \ angle f, then by fch. Pr. 11 B. 1, 

,. _ 2aa _ 2aar A , __ mns _ mna t r 

s zz , zz ■ ■ , and the area zz zz . 

f . rr . . ir r J 

But by Cor. 3 Pr. vn, mna z — z — mx t z—nxrr— 

b + n ~ m x *±2LZ?r*, therefore the area= ttZZJl 

*4- w* — • » 

ir 



PROP. XVI. 



1 

If three lines be drawn from the three angles of a x ^ 
triangle to any point o, the product of the fines of all 
the alternate angles will be equal. 

Let the fines of the angles be as in the figure, 
then iry'the triangle. 

por, . a : f 

ioHj e : d : : ho : 10 }> thefe multiplied, 
hop, c 




aec : fdb : : 10 x ho x po : Po x 10 x ho. 
But the two laft terms are equal, and therefore the 
two firft, aec ~ fdb. s 

Cor. 1 , If two angles, p, H, are bifeSed, by the 
lines po, hq ; then the third angle 1 will alfo be bifelted. 
For fince ace zz bdf and azzb, and c :r </, or ac zz bd, 
therefore e zzf. And the contrary. 

Cor. 2. Hence alfo three perpendiculars erefled on 
the middle of the three fides of A triangle > inter feB in 
one point. And the contrary. 

. I For 
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FIG. For if two perpendiculars be efedted on two fides 

ii. ph, ih, then will b =V» and d=e, whence a =*/; 

therefore the* perpendicular Hands on the middle 

of PI. 

SCHOLJCM, 

If the point o be taken out of the triangle, this 
Prop, will hold equally true. 



12. 



PROP. XVII. 

If four right Unes % be drawn from the four angles 
of a trapezium, to any point in it, as o ; the produils 
of the fines of the alternate angles, will be equal to each 
other. 



i3' 



In the triangle. 

sPo, a : h : 
poh, c : b 
hoi, e : d 

ios, g '• / 



so 

PO 
HO 
IO 



PO 
HO 
IO 
SO 



PQ.HO.IO.SO. 



their produdl 

aceg : bbdf : : so.po.ho.io 

therefore 

aceg — bbdf. 



Cor. i. After the fame manner, if lines be drawn 
from all the angles of any polygon whatever to a point j 
the produils of the fines of the alternate angles will be 
equal. 

Cor. 2. In atiy trapezium, let a, b, c, d, &c, be the 
fines of the angles, as in the figure \ then 

As hbd+ ace : 
hbd — ace: i 



Tan 
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tan. half the fum of the mglti 1SH + " p : F I O. 

Tan. half the difference " H ~ S 'L 



For fince aceg—bbdf, therefore ace : hid '•'fig 
: : so : ro, and by compofition and divifion, hbd 
+ ace : bbd —ace : : 10 + so : 10 — so : : (by 
Prop, v,) tan. "" ± sl ° : tan. "»-■"» 



SECT. 



1 
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SECT. II. 

i 

The folution of all the cafes of plain triangles. 



FROM the foregoing propofitions, all the cafes 
of plain triangles may be refolved. Every 
triangle has 6 parrs, 3 fides and 3 angles ; and any 
three things being given (except the 3 angles) the 
other 3 may be found* but if only 3 angles are 
given, there may be found an infinite number of 
triangles, that will have thefe three angles. I fhall 
here give the folution of right-angled triangles three 
different ways, viz. arithmetically, logarithmically, 
and algebraically : and that of oblique triangles, 
logarithmically and algebraically. For it is needlcfs 
to fpend time in folvlng thefe arithmetically ; fince 
any oblique-angled triangle is divided into two right 
ones by a perpendicular, and then they arc refolved 
by the cafes of right-angled triangles 5 this method 
is true to 3 or 4 places of figures, and is fufficient 
in common cafes. Alfo all the cafes in obliques 
{except the laft) may be refolved by the rules of 
right-angled triangles; but with a deal more labour; 
by letting fall a perpendicular from the end of a 
given fide, or oppofite to a given angle. 

I have alfo omitted their folution by projeflion 
and inftrumentally, as being only approximations to 
the truth ; and they are befides fo eafy in them- 
felves, to any body that can but handle a pair of com- 
pafles, as to need no particular explication. I (hall 
only obfcrve in general, with regard to Gunter's 
fcale,&c, that any fimple proportion may be wrought 
on it by this general rule. 

Extend the compaffes from the firft term to one 
of the means, on its proper line ; that extent, fet 

the 
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the fame way, upon its proper line, will reaich from 
the other mean to the fourth term required ; where 
radius is the fine of 90 , or tan. 45*. Jf, in extend- 
ing upon the tangents, the compaffes reach beyond 
the end, fet it fo far back as it reaches over. 

Now according to the different variety of things 
given and fought, the folution of triangles is divided 
into feveral cafes as follows ; in which I have only 
put the erifieft folutions. They that require more 
may confult the propofitions, from whence they arc 
denvrd ; the numerical operations are performed by 
thu rule. ' 

Add the logarithms of the fecond and the third terms 
together, from which fubtratt the logarithm of the firft 
term, and the remainder is the logarithm of the fourth 
term fought \ where radius is 1 o. 

Bur in algebraic folutions you muft ufe natural 
fines, tangents, &c ; and they muft be actually mul- 
tiplied and divided; and here radius is 1. 

Note* In right-angled-triangles, if one acute angle 
is given, the other is found by fubtra&ing this from 
90. 

And in oblique triangles, if 2 angles be given, the 
third is found by fubtratting their fum from 180. 
Or fubtra&ing one from 180 gives the fum of the 
other two. 

In folving any of the cafes, it will be proper for 
diftindtion's fake to mark what is given with a dafh 
(/), and what is fought with a cypher (o). 



I 3 Right 
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Right -angled plain triangles. 



Cass I, # 

F I G. An angle c and the hypothenufe bc, being given j 
J 4* to find a fide, ba. 

I. Arithmetically without tables. 
Let d~ degrees in the lefler angle j then 

Sill -f J2 — , : i : : hyp. bc : lefler fide ca. 
D iooo 

or i : i — — — '- : hyp, bc : greater fide ba. 

iocoo 

II. Logarithmically, by the table of artificial fines % &c. 
Rad : hyp. bc : : s. an angle, c : op. fide ba. 

III. Algebraically y by the table of nat. fines, &c, 

Let hyp. bc zz h, nat. fine of c = s, rad = i. then 
i ; h : : s : sh zz ba. 



Cam IL 

14. Given an angle b or c, and a leg ; to find the hy- 

pothenufe, bc. 

* 

I. Arithmetically. 
Let d == degrees in the lefler angle, then 

1 : £L£ -J — IE- : : lefler fide ac : hyp. bc. 
p icoo 

or j — , : i ; : greater leg ba : hyp. bc. 

IO0QQ ° ° Jr 

II. L§- 



\ 
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II. Logarithmically. FIG, 

S. angle b : oppofitc fide c a : : rad t hyp. Be. M* 

III. Algebraically. 
Let s = s.b, p := ac, then — = hyp. bc. 



Case HI. 

Given an angle, and a leg ca; to find the other 14, t 
leg, ba, 

I. Arithmetically. 
Find the hyp. bc, by Cafe II, then v/bc* — ca* 

ZZ BA. 

' II. Logarithmically. 
Rad : one leg ca : : tan. angle c : op. fide ba. 

III. Algebraically. 

Let s.c zz s, s.b rr c, tan. en/, eA -=^, then 

ps 

pt — BA, Or — — BA. 

c 



Case IV, 

Given the hyp. bc, and a leg ca ; to find an 14. 
angle _b, or c. 

I. Arithmetically. 

Find the other leg, 3a, by Cafe V, then 

As hyp. bc + i the longer leg ba : (horter leg 

ca : : 86 : op. angle b s and m takeh from 90 

gives c. 



I 4 II. Lo- 
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II. Logarithmically. 

FIG. As hyp. bc : rad : : given leg ca : : s. op. angle 
14. B, and b taken from 90 gives c. 

J II. Algebraically. 

Let hyp. bc = h, leg ca = p % then ±- = s.b, 

b 

» # » 

and 90 — b nc. 



Case V. ' 

14. Given the hypothenufe bc, and a legCAs to 
find the other leg ba. 

I. Arithmetically. 
v/bc* — ca*:tba. 

II. Logarithmically. 

Take the Jum and difference of the hyp. bc, and 
given leg ac, add their logarithms together ; half 
the Jum is the logarithm of the fide required, ab. 

• III. Algebraically. 

Let bciz£, ca=J, then \/h h — ppzzhA. 
Or let bc + ac z: z, bc — acz d % then \/dx 

ZZ BA. 



t 

Case VI. 
X4> The legs ab, ac, being given; to find an angle, b. 

I. Arithmetically. 
Find the hyp. bc by Cafe VII ; then, as hyp. bc 
+ half the longer leg, $a : leffer leg cb : : 86 : 
angle pp. b, 

II. Lo- 



j 
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i 

IL Logarithmically. 

As one leg ab : jad : : other leg ac : tan. b, the FIG. 
op* angle. 14. 

lit. Algebraically. 

Let ab = h % ac zip, then •- = tan.B, or , * ,, => 

' * . ^bb+pp 

ZZ S.B. 



C A S I. VII. 

The legs ab, ac being given ; to find the by* 14* 
pothenufe bc. 

I. Arithmetically. 
v'ab* + ac 1 = bc 

II. Logarithmically. 

Find the angle b by Cafe VI> and then the hyp. 
*c by Cafe II. 

III. Algebraically. 

Let ab zzb, ac zzp, then \/bb +pp zz bc. 



Oblique 



\ 
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Oblique plain triangles. 



Case I. 

FIG. Given two angles a, b, and an oppofite fide, fb ; 

i5; to fmi the other oppofijte fide af. 
i 6. 

, 7 t I. Logarithmically. 

- S. on* angle a : of. fide tb :: S. the fitter angle 9 : 
to its oppofite fide af. 

II • Algebraically. 
Let a zz s. a, s z= s. b. fbz </, then — z: af. 

Alfo put n = cof. A)» = cof..B. • 5T^» *!» 4- ns 

j am + ns j Alr ^ ab _ 

= s. F, <mm i a zz ab. Alfo 



a am + #j 

BF. 



—— p— ■ I ■ ii I ■ ' I ■ i ■ ii JL 

Case II. 

xj. Two fides af* fb, and an oppofite angle b being 
1 6. given i to find the other oppofite Angle a. 

*7- 

I. Logarithmically. 

One fide af : S. its op. angle b : : other fide fb : 
S. of its op. angle a. ' 

If the given angle b is obtufe, or if its oppofite 
fide af be greater than the other fide fb, then 
angle a fought is acute ; otherwife it is doubtful : 
and the fum of a and b taken from 180, gives f. 

II. Algebraically. 

Let s = s. *, af = c> fb = d, then — = s. a. 

c 

4 Alfo 



l 
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jnr ^ * — r ~ ~j *^~ tnsiA- ss/cc — ssdd F I G. 
Alfo put m = cc/i b, and then * ; 

C f 

= S. F. . . 



C A S £ HI. 

Two fides af, fb, and an oppqftte angle b, 15- 
.given ; to find the third fide ab. i6 » 



I. Logarithmically. 

Find the angle a by cafe the fecond, and then the 
angle f will be had. Then find ab by Cafe I. 

II. Algebraically. 

Let af rz r, bf zz d, s. b n J, ^ 3 z= m« 

72tf» <//» ■+■ \/w — AfoW zr ab j + if A a is alcute, 
and — ifobtufe. Where note, if b be obtufe, m 
will be negative. 






'7« 



Case IV. 

Two fides af, fB, and the included angle f, be- 15. 
ing given 3 to find the other angles, a, b. 16. 

I. Logarithmically. 
As Jum of the fides af +'fb : their diff. af — 

B "4^ A 

fb : : tan. half the Jum of the op. angles — - — : 

tan. of half their diff. B ~ A 5 /to ^t± + 

•* a .2 

B A_,t . 7 ,B + A B A 

~— := b the greater angle } and — ~ — — . 

2 ° 2 , a 

3 a the lejfer angle. 



II. AU 
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II. Algebraically. 
FIG. Let af = c % bf zr */, # = s. f, jr = cof. f. Sfi&Hi 

— = /m. a, *»</ tan. B» 

c — dy d — cy 



v^<&/ + ft — 2<fry v^^i 4- * * — idey 

zi cqf.B. 



Case V. 

*$• Given two fides af, fb, and the contained angle 

l6# f i to find the third fide ab. 

I. Logarithmically. 
Find h or B ijr Cafe IV, /£*8 ab £y Cafe I. 

IL Algebraically. 
Let af rr ^ bf zr d f y = cof. f, y = vcrf. f. 
Then \/cc + dd — 2cdy = ab. Or v'^ZTZ + acdv 

~ AB. 

See alfo the corollaries to Prop, vii. 



Case VI. 
18. Three fides given, to find an angle f. 

L Logarithmically. 

Let fall a perpendicular bd, on a fide adjoining 
to the angle fought, then as bafe af : fum fides 
ab + bf : : their diff. ap — bf : ad — df the diff. 
fegments, or the alternate bafe ; then \ bafe af + 
| diff. z^: greater fegment, and \ bafe af — £ diff. 
zz lefier fegment. Then there is given bf, df to 
find f, by Cafe IV of right-angled triangles. Alfo 
fee Prop, vn and cpr. 

II. AU 
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II. Algebraically . 

r,, ec+dd-bb -„ FIG. 

Let AF = f,BF=fl, ab — b,\ * c & J ,8 * 

AF«BF = », 1 h % » l _ , 

I or = wr/. f. 

&v «#t> the corollaries to Prop, vn, particularly 
Cor. 3. 



Scholium. 

In the folutions of plane triangles there are three 
cafes, where the thing fought requires two opera- 
tions ; 1. when two legs of a right-angled triangle 
are given to find the hypothenufe; a. when two fides 
and the included angle, in an oblique triangle, are 
given, to find the third fide; 3. when two fides and 
an angle oppofite are given, in an oblique triangle, 
to find the third fide. 



The 
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The actual folution of all the cafes of 
plain triangles in numbers. 



Right-angled triangles. 



Case I. 

F I G. Given the ^ c — 52 13, hyp. bc = 316, ta 
57- find ba. 

I. Arithmetically. 
Let d = A b — 37 4£ = 37.78 in decimals, and 

* 7 ' 3 = i;$i6, and -i£- = .i«3> and ilHH = 
d 1000 1000 

.214, and 1.516 + .113 = 1.629, and 1 — .214 

= .786 i therefore 1.629 : 1 : 316 : 194 = ca, 

and 1 : .786 : : 316 : 248 = ba. 

II. Logarithmically. 

Rad. . • . 10.0000000 

bc (316) 2.4996871 

s.c (52 13) — 9.8978103 

ab ;=■ 249.7 . . . 2,3974974 . 



Case II. 
58. Given the /- b = 37 47» CA = x 94* To find 

BC. 

I. Arithmetically. 
57-3 + 3 P — 1.629 as * n * c ****> t ^ icn 

D I OOO 

I : 1.629 : : 194 : 316 == bc. 

II. Lo- 



a; 






;j 



_ / 



Se&.n. */ TRIGONOMETRY. 117 

1 

1 / <• 

II. Logarithmically. FIG. 

CA (194) — 2,2878017 

Rad. — - 16. 

1 - — * ■■*• 

Hyp. Bc t 316.6 . . . 2.5605700 



Case III. 

Given- -the /- c ■ = 52 13, ca = 194 ; to find 59' 

ba. 

I. Arithmetically. 

Find bc = 316, by Cafe II. Then 
from the fquare of bc r= 99856 
fubtraft the fquare of ca *= 37636 

extraft the fquare root of 62220 

which will be ■ 249 = ba. 

II. Logarithmically. 
Rad. — - 10. 

CA (194) ~ 2.2878OI7 

Tan. c (52 17) — 10.1116225 

BA, 25O.8 . ,. i ' 2.399424I 



Case IV. 

There is given the hyp. bc = 316, and ca = 194; go. 
to find the angle b. 

I. Arithmetically. 

From the fquare of bc 99856, take the fquare 
of ca 37636, the fquare root of the remainder 
(62220) is 249 =: ba ; and 316 -f (£ ba) 124^ 
n 440 \ , then 

As 440 \ : 194 : : 86 : 37-87 in decimals rz 

37 Sa- 
il. Lo- 



iaS 



fhe ELEMENTS 



Book ii. 



FIG. 
60. 



II. Logarithmically. 

bc (316) 2.4996871 

Rad, — — 10. 
c a(i94) — 2.2878017 
s.b, 37 52 . . . 9.7881 146 



Case V. 

6 1. Given the hypothenufe bc == 316, and ca ~ 

1 94 j to find b a. 

I. Arithmetically. 

» 

From the fquare of bc =: 99856 
take the fquare of ca = 37636 

the fq. root of the remaind. 62220 
extracted will be ... . 249 = ba 

II. Logarithmically. 

bc 316 

ca 194 

Sum 510 log. 2.7075702 
Diff. 122 log. 2.0863598 

4-79393°° 
half 2.3969650 zz 249.4 = BA. 



Case VI. 

The legs ab zr 249, and ac — 194 being given; 
to find the angle b. 

I. Arith~ 



A 
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L Arithmetically. FIG. 

To the fquarc of ab = 62001 
add the fquare of ac =37636 

The fum is 99637 
Its fquare root 315.6 = *& $ 
' : - add. i ab 124.5 

440.I 

then 440.1 : 194 :; $6 1 37.9 in decimals* or 
= 37 54= *-b. - - 

. II. Logarithmically. 

ab (249) ^.- >— . - 2.3961993 
Rad. — -^_ — 10. 

AC (194) — 2.2878017 

Tan.*, 3755 . . . 9.8916024 



\. r 
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Case VIL 



The legs ab = 249, ac = 194, being given 5 to £«; 
find the hyp. bc. 

I.. Arithmetically* 

To the fquare of ab zr 62001 
/ add the fquarfe of ac zr 37636 

Sum 99637 
Its fquare root 1 24.5 z= Bd* 

II. Logarithmically. " 

Find the syigtc b = 37 55, by Ca(e v£/ then 
find the hyp. 80^:315.7, by CafcIIV '^ 



K Oblique 
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Oblique triangles. ' 



mm—m 



% - 



Case L 

FIG. Given two angles a = 31 07, and b = 115 24; 

64. Br =r 97 \ to find af. 

s. a (3107) - i 9.7 I 3J°77 
"(97) — — 1.9*67717 
s.b (115 24) — 9»9S5 8 49° 

; 1*9416207 
af ^ 169.6 • , , 2..229313Q 



C a si, IL 



1 ' 



65. Given afzi 320, fb = 468, and b = 32 15, to 
find the La. 

af (320) ,— 2,4051500 
s.b (32 15) — 9.7272276 

FB (468) , — 2>670245 > 

".3974734* 

' Since af is lefs than Bj the angle a may be either 
, acute or obtufe. * 



m*mm 



Case III. 



66' Givc»| JJ'| jgj *-W*S'> » find ak. 

Find the angle a = 51 18 or 128 42, by Cafe II; 
then we have * =: 96 27 or 19 03. 

- Then 
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Then by Cafe I find ab — 595.9 or 19C.7; the FIQ. 
/.a and fide ab being ambiguous* becaufe af (op. 66. 
to the given angle) is left than fb. . . 



C a s b IV. 



Taf = 376 1 

iven<FB =r ju > 

I F 3: ! 23 IO J 



6iven< fb = 311 > to find the angles a, b. 67; 

* * * 

AF = 376 ISO 

Sum 687 Sunjop. £ s 56 50 : 
Diff. 65 f fum 28 25 

687 2.8369567^ then 

65 — — 1.8129133 /ffum 28 25 

Tan. 28 25 — — 9.7332566 if diff. 2 56 

11. 5461699 1 31 21 =:b 

Tan. £ diff. (2 56) 8.7092132 J 25 29 = a. 



Case V. 

{af = 376 ] 
fb = 3 1 1 > required ab. fa 

F = I23 10] 

By Cafe IV find a n 25 29. 

Then ab will be found by Cafe I = 605.1. 



Case VI. 

{AFn3 7 6l 
fb =311 >, required L f. 
ab=6o5 j 

K a On 
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F I G f On af let fall the perpen. bd, then 
•69, ab = 605 



fb = 311 

Sum 916 
DifF. 294 



AF (376) 

Sum (916) 
DifF. (294) 



2,5751878 
2.96 j 8955 



Alternate bafe (7 16.2) 2.8550550 



then 

|af = 188 



a.4683473 fait, zz 358.1 
5.4302428 DifF.zz 170.1 



ZZ FD. 



Then in the right A triangle fdb, bf, fd are given, 
to find L. f, by Cafe IV of right L. triangles; 
then f zz 56 50/ and L afb zz 123 10, becaufe, 
the alternate bafe being greater than the true bafe* 
the perp. bd falls without the (dangle. 
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BOOK III. 

Tbe doSlrine of the Jpbere and Jpberical trigo- 

notfietry. 



■»'■«■ » 



DEFINITIONS, 

I . C^Pberical trigonometry, teaches the properties of 
(J ipherical triangles, and how to calculate their 

fides and angles. 
2. A circle of the Jpbere is that which is made by a 
plane cutting the furface of the fphere. If the plane 
pafs thro 9 the center, it is a great circle : if not, ic is 
a kjfer circle. 

. 3. The pole of a circle is a point on the furface of 
the fphere equidiftant from every point of the circle. 
Every circle has two poles, diametrically oppofite 
to each other. 

4. A fpberical angle is the. inclination of two cir- 
cles of the fphere to one another, interfering in a 
point called the angular point. 

5. A right angle is 90 degrees ; an acute angle is 
lefs, and an cbtufe angle greater than a right one. 

6. A fpberical triangle is made upon the furface 
of the fphere, by the interfe&ioq of three great cir- 

K 3 cles. 
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clei. If one angle be right, it is called a right-angled 
fpherical triangle. If one fide be a-quadrant, it is 
called a quadrant at triangle. If no angle or fide be 
90% it is an oblique triangle. 

7. In a right-angled triangle, the fide oppofite to 
the right angle is called the hypethenufe -, the other 
two are called legs or fides. 

8. In a right-angled or quadrantal triangle, the 
five circular parts (fercing afide the right angle or 
quadrantal fide) are, the two parts adjoining on each 
fide the right angle or quadrantal fide, and the com- 
plements of the three parts which are furtheft diflant 
from it. The middle fart is that which is equidiftant 
from other two} which two if they>adjoin to the 
middle part, are called extremes confunEl; and if they 
be remote from it, are called extremes disjunft. 

9. Sides and angles are faid to be of the fame ef- 
feifien, when both are greater, or both lcfier, or 
both equal to 90V And they are of different affec* 
Hon, if one is greater and another lefs than 90*. 

10. Like or,Jimilar arches of different circles are 
thofe that contain the fame number of degrees. 
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SECT. I. 

the properties ofjpherical angles and arches. 

* ■ " y ■ ■ ■■» ' » ■ ■ ■ ■ ■! »■ 

PROP. I. 
Tbe/eSion of afpbere and a plane is a circle. 

LET bic be the fe&ion, and let the plane of the FIG. 
great circle abcd be drawn through the center 19. 
e of the fphere, perpendicular to the plane bic, and 
let bhc be their common interfe&ion. Draw eh 
perpendicular to bc, then bh = hc Take any 
point 1 in it, and draw hi, ic > and alfo be, ce. 
Since eh is perpendicular tp bc, and in the perpen* 
dicular plane abcd, therefore it is perpendicular to 
the plane bic, and therefore to hi. But be, ce, 
ie are equal radii of the fphere ; therefore in the 
right-angled triapgles beh, ieh, bh 1 + he* r: 
bk % zz ie* = hi* + he*, therefore bh 1 n ih% and 
bh = hi, therefore bic is a circle whofe center 
is h. . 

Cor. x. If a great circle abcd be perpendicular t 
any other circle bic, it pajfes thro* its poles. 

For fince it is proved that h ifc the center of the 
circle bic, and eh perpendicular to it, produce eh 
to p, which will be in the plane of the circle abd, 
becaufe eh is in it. Draw the great circle pi ; then 
fince the fines bh, hi, hc are equal, therefore the 
arches belonging to them bp, ip, cp are -equal, 
therefore p is the pole. And if pe was produced 
to the other pole, that pole will alfo be in the plane 
of the circle abc. 

■ 

K 4 Cor. - 
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FIG. Cor. 2. If a great circle abc pajfes thro* the pole 
19. p of another circle^ it cuts it at tight angles and into 
two equal parts. 

For draw pe to cut the circle in ny then is h the 
center, and ph perpendicular to its plane, and confe- 
quently eh and the plane abcd are perpendicular to 
it. ' And fince thfc center h is in bc; the common in- 
terferon of the planes; therefore bic is a femiqircle. 

Cor. 3. The angle made by two lejfer circles (or any 
iircles), is equal to the angle made by two great circles, 
fir awn from their poles to that angles 

For both circles make right angles with their re- 
fpedtive fmall circles (by Cor. 2) ; and taking aw^y 
what is common, there remains the angle of the 
great circles =z angle of the fmall circles. 

PROP. II. 

9°* All great circles qf fhe fphere cut one another into 
two equal parts. 

For the common fe&ion of their planes is the dia- 
meter of the fphere, and confequentjy their fegments 
arp femicircles. 

Cor. 1 • Any fide of afpberical triangle is lefs than 
4? femicircle. «. 

For fince ADC or abc is a femicircle, therefore in 

the triahgle adb, ad or ab is lefs than a femicircle. 

1 

Cor. 2. If two fides of afpberical triangle abd be 
produced^ till they interfeff in c, ea(b will become afer- 
tnicirck. 

PROP. III. 
ai. If one or more circles interfeSi another circle in one 

and the fame point c ; thefum of the angles ace, ecd 
is equal to trto right angles. 

Let the arch ec interfeft ad in c, and draw cb 
perpendicular to ad j then acb + bcd = two right 

angles ; 
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iglesj but AtJB-f-tcBrr acb, -agd ecdt— ecb=: FIG. 
i cv> thcrcfope ag$ + egd 2: ace + bcd sr two right 21. 
f ingles. » ".'-•• 

? Cor. i. All the angles madh about cue faint are = 

four right angles. 

1 

Cor f 2. When one circle croffes another > the vertical 
angles a $ c are equal. \ v 

For a + b = two right angles, and h + c = two 
right angles^ therefore a + h =z b + c and az=.c. 

* * * 

' ' P* O'P. IV. 

A fphericaf angle made by two great circles is mea- *%• 
fared by the arch of a great circle intercepted between . N 
the fides , and defcribed at a quadrant's dijlance from 
the angular point. 

Let ab rr ad zr 90% and draw the arch bd, and 
from the center e draw be, de ; alfo draw the tan- 
;: gents at, as, to the arches ab, ad j then the JL tas 

:: =fpherical angle bad, and aeb, aed will be two 

right angles ; but tae/ sae are right angles, there- 
fore ta, sa are II to be, de, and A tas =: bed* But 
i' the arch bd is the meafure of the angle bed or tas> 

and therefore of the fpherical angle bad. 

!tk CJor. 1. The angles Bad, bcd, made at oppofte 

points of the fmicirclc 9 are equal. For the li bed or 
1 arch bd is the meafure of both. 

Cor. a. The dijlance of the poles of two circles is 

equal to the angle of their inclination. 

jju For fince ae is ± to the plane bde, this plane is 

. jc 4- to both the planes abc, adc ; therefore the poles 

are in the circle bd, as fuppofe at p, <^. Then bp 

= 90 zz d<^ and fubtrafting dp from both, then bd 

Cor. 



fls? 
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FIG ^ of# * # ***** ^'^ wv/(M aec, avc pajfing thro* 
7i. " '** ^* J ^ another great circle bd, w#7/ r */ 4// //>* />u* 
r^//^/r /* bd, as bd, into fimilar arches. 

For ac is JL to £fl/, and e the center of bd, there- 
fore £ bid — bed, or the arch W fimilar to be>. 

Cor. 4. //*»** *» angle made by two great circles of 
the fpbere, is equal to the angle of inclination of the 
planes of tbefe great circles. Ft>r £. bed or bed zz 

JL TA5 Or BAD. 

Cor. 5. Hence alfo if bd be a parallel to the great 
circle bdp j it is as radius : cofine of the parallels 
difiance from its great circle : : fo any arch of the 
great circle : to a fimilar arch of the parallel. 

For be : bd : : be : bd. 

PROP. V. 

*3- - Jf any two circles aeb, afb interfeft one another on 
the fpbere, they make the oppofite angles a and b equal, 
and the oppofite parts afe, bpe fimilar. 

Let ab be the common feftion of their planes ; 
and in the planes of their refpe&ive circles, draw the 
tangents ac, bc to the circle afb ; and ad, bd to 
the circle aeb, and join cd. Then in the triangles 
,acd, bcd, ac zzbc, being tangents to the fame cir- 
cle, and for the fame reafon ad zz bd, and cd is 
common -, therefore the triangles are equal and 
fimjlar, and the L. cad = cbd, and therefore the 
fpherical angles a and b equal to them, are alfo 
equal to one another. 

Likewife the oppofite parts of the figure afbea 
are fimilar, being bounded by parts of the fame cir- 
cles, having the fame pofuion. 

Cor. Hence any two like arches 01 f sv, drawn after 
a like manner, will be equal. $hat is, if ao zz bs, 

and 
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jnd ai £= bv, or L aoi = l. bsv, /£*# 01 =r sv: f i g. 
For then the triangles aOi and bsv are fimilar and 23. 
equal. 

Scholium. 

Though the oppofite parts of the figure afe and 
bfb are faid to be fimilar ; yet if the angle a be 
applied to *, the triangles afe, bfe will not coin* 
cide. Or if the bafe fb of one be laid on the bafe 
bf of the other, the triangular figures afe, bfe will 
lie contrary ways, one to the right, the other to the 
left haftd. 

PROP. VI. 

If two great circles ho, hr have the fame inclina- %^ 
tion to a third e<^j the arches of all the parallels (ap) 
to the third, intercepted by the other two, will be fimi- 
lar arches* 

Let the great circle ec cut the circles ho, hr at 
equal angles in e and <^. ThroV the poles of ec 
draw the great circles pb, ac. Then in the tri- 
angles peb, aqc, £- En L. q^, and the angles at & 
and care right, and pb n ac ; therefore if the an- 
gle e be laid upon the angle Qj» then will p fall 
fomewhere in the arch pa (becaufe pb zz ac) j and 
fomewhere in the arch qh (becaufe £. je = L. qJ» 
therefore p falls upon a, their point of interferon ; 
and confequently b upon c (otherwife a would be 
the pole of cqJ-» therefore be r c^, and pe = 
aq^, therefore eqjz: bc ; but bc is fimilar to ap 
(by Cor. 3 Prop. IV), therefore Eq and ap are 
fimilar. 

Cor. The fame things fuppofed, the arches of the two 
inclined great circles intercepted between an) two paraU 
lets to the third, are equal, pe r: a<^. 

Schol. See Prop. xvi. 

PROP. 
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PROP. VIL 

FIG. If a plane epq^A? fuppofed to be drawn per pendi- 
2 5* cular to the planes of two equal circles no, eqj and 
any other plane pdkn be drawn thro* the two pities 
p, n, which are equidifiant from their refpcftivc cir- 
cles j and to revolve about, pn : then tbefe planes will 
intercept equal arches of tbefe circlet, do, kq^ 

For let n be the pole of *uo y and p of eq^, and 
Nor pq^ then by cor. Prop, v, £- noh or nod n. 
pqe or pqk ; and L. pod pz nq£, and nqj=:po, 
and by Prop, v, L- n r: p. Therefore the trian- 
gles pod and n qjc are fimilar and equal, and 
therefore arch doztkq^ And likewife arch hd 

= EK. 

PROP. VIII. 

26. Of fever al arches of great circles drawn from the 
fame point a to any other circle ced \ the greatefi 
ad is that which paffes thro 9 the pole p, apd the nearer 
to this as ab is greater than that which is further off 
as ae. And the leaft is ac, the remainder of that 
which paffes thro" the pole. . 

Let as be perpendicular to the plane of the circle 
ced, o its center, csod its diameter. Draw the right 
lines sb, se, ad, ab, ae, ac. Then you have the 
right-angled plane triangles asd, asb, ase, asc, 
wherein the perpendicular as is common. But 
(Geom. iv 4) the bafe sd pafling thro* the center is 
the greatefi, and sb greater than se, and se greater 
than sc, which is the lead. 

Therefore the hypothenufe ad is the greateft, 
ac the lcaft, and ab greater than ae. But thefe 
are the cords of arches, and to greater cords belong 
greater arches, confequently the arch ad is the 
greateft, arch ab (nearer to ad) is greater than 

arch 
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arch ae (farther* from ~rt) ; and arch ac the feaft .p i {* # ' 
of all. %t m 

Cor. i. If two fides in two fpberical triangles ape, ^j m 
a p b he refpeftively equal ; that which bath the 
greater included angle, bath the greater baje : and the 
contrary. 

For, about the pole p, at the diftance pe or p* 
*(th^ greater^*?* in the two triangles), defcribe the 
circle ebd, arid from, a thro r p draw the great cir- 
cle apdw Then by this Prop, if bd be lefs than 
ed, or z. apb greater than ape; then is ab greater 
than ae. l 

' And if ab be greater than ae, then ab is nearer 
to d than ae, £- apb greater than ape. 

Cor. 2. ^be perpendicular let fall on the hafe of a 
fpberical triangle, is either greater than either fide, or 
lefs than either fide. 

For it paffes through the pole of the bafe, and is 
therefore either the longeft or lhorteft line drawn 
from the: vertex of the triaiigl?. 

Cor. 3. And therefore when the perpendicular falU 
without the triangle, either the greater or lejfer per- 
pendicular may be ejteemed the perpendicular upon the 
bafe. 

C6r« 4; Hence if the perpendicular fall without, as 28. 
in the triangle bae, tbi grtoter perpendicular ad lies 
next the great eft fide ab j and the leaft perpendicular 
ac next the leaft fide ae> 

But when the perpendicular falls within ^ if it is 
Jefs than a quadrant, as ac (in the triangle aef), * 
then it lies nearer the lefler fide ae, and the feg- 
ment ce is lefs than cf, and jL cae lefs than caf. 
But if it is greater than a quadrant, as ad (in the 
triangle abg), then it lies neareft the greater fide v 
AG, and then it makes the lefier fegment of the 

bafe 
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1 1 Q. 1>affe (do), and lefier vertical angle (dag), next the 
*8. greater fide ag. And the greater ones next the 
leflcr (ide AB f . — . 

Cpr. 5. JT&* perpendicular falling within, or the 
near eft perpendicular fatting without \ is of the fame af- 
fection, as half the /urn of the fides. 

For in the triangle eaf, ac is lefs than a qua- 
drant, and fince ae < ac, therefore ae + af 

A T? ^A» AT? 

< bq Qr- 180, and ■ » » « .... < 90. But in the 

triangle gab, ad is > a quadrant ; and fincf ao 

> af, therefore u + ag > bf or 180, and 

ba + ag 

■ > 90. 

Again, in the triangle bae, where the perpendi- 

„ cular ac is lefs than a quadrant, and eg < cf ; 

then by this Prop, ae < af, and a? + ab < 

»f or 180% and — , ?* < 90. But in the tri- 

angle gaf, where the perpendicular' a» (greater 
than a quadrant) is neareft, or db > dg, or cf 

> ce, then af > ae, and af« + ag > ge or t8o, 

and — r — - > 90. * 



Cor. 6. Hence , when the perpendicular f alb within, 
or you take (he nearefi perpendicular falling without ; 
then if half the Jum of the fiies he lefs than a quadrant* 
the lejfer Jegment , and lejfer vertical angle, adjoins to the 
Uffer fide 5 but if half the fum of the fides be greater 
than a quadrmt,. the lejfer fegment and lejfer vertical 
angle adjoins ft the greater fide. 



SECT, 



Sc&ii. of TRIGONOMETRY. 

S E C T. H. 

1 

; $b$ affeftions of fpberical triangles. 
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t P R.O P. IX. 

Ev$ry triangf* abc hath (by producing its fides) FIG. 
anothtf triangk abc, on the oppofite fide of the glob** 29. 
Jimilar and equal to it. 

For the point a is oppofite to a, or a femicircle 
diftant frpm it $ and b is oppofite to b, and c to c. 
Therefore tf^riAB, £f ='bc, and aczz ac Like- 
wife, by Cor. 1 Prop, j v, 2. * :=: 4, a, £ = b, an4 
€ n c i therefore the triangle aba is equal and fimilar 

» {' ». . v , ...» - » ** . -" «* 

tO ABC. 

• 1 1 

Cor. 1. Hence 4W? trjdngle abc, by producing its 
fides ^ katb oppofite to every angle thereof^ another tri- 
angle of the fame bafe and oppofite angle with the for-* 
toeri and the other parts the fupplements thereof. 
~ Thus in the triangle *ca> ^b zz £. abc, aczz ' 
Ac, a* zz fup.\AB, cb zz ftp. cb. £- caB zz fup. can 
or a, and z. acB zz fup. c. 

"Cor.'a, Any triangle abc, has adjoining to every 
fide thereof another triangle >, having the fame fide and 
oppofite angle * and the other parts^ the fupplements 
thereof 

Thus in the triangle abi, ab and L. c is the fame 
with ab and L c * nc % ac are. the fupplements of 
bc, a c ; L. cba zz fup. cba, and z. cab zz fup. CAB. 
Likewife there is the triangle aBc adjoining to cb -, 
and the triangle Abe adjoining to ac. 

Cor. 3. If all the. fides of a right-angled triangle a\. 
abf, be produced to quadrants, abc, afd, bfe, and* 

DE, 

6 
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FIG. de, ae~, be drawn. Then the right-angled triangle fde 
41. will be compleqikital toj the triangle ab^. 

In the complementaLtriangles abf, edf, the parts 
in one are the complements of the parts in the other; 
only the oppoiite angles at f are equal. . 

For a, e are the poles of cde, abc ; therefore 
cde, abc, are quadrants. Whence fd =z comple- 
ment of af*' ef = complement of fb, ed r: cpmp. of 
^. pC or L fab. And A fed zz bc zz cempt of ab. 



-r » 



Scholium. 

.... r • '•«- 

2g . ' TW the triangles abc, abc'zft faid in this Prop, 
to be fimilar; yet they will not Coincide whin ap-t 
plied to one another. For laying any angle a upon 
its equal a, fb that the concavities of the triariglcs 
He the fame w&y ; the fide ac will fall on ab, and 
ab on ac 

, PRO P. X, 

jo. If from the three angles of any Jpherical triangle 
abc, as poles, you defcribe three great circles > they will 
form another Jpherical triangle dbf by their interjec- 
tions*, each fide atid~ angle whereof will be tbcjupple- 
mentsofthe angle and fide oppefite^ in the given triangle. 

Produce the iides as in the fig. then fince b£ or 
B? is a quadrant, and Ag or af is a quadraht/ there- 
fore f is the pole of ab ; and likewife e $he pole of 
Ac, and o the pole of cb. Then D^rra quadrant 
zzer, a,nd de zi .qr z: fup. L. c. 

Alfo vg = 90* == f/> m rp y and rz^pg, therefore 
FEzifup. et or pg\ t that is, of the Z. cab\ Like- 
wife dt = kr or'ii b, apd DF^rfup* JL b. 

Alfo rBzr 90 ft rriA/>, and m + Ap', or rp + ab — 
i8o # , and r/> or the £. f rr 180 — ab = fup, ab. 

And thus a^— cr, and aczi^r, and fup.£RC= 
- fup. ac, that is, L* e = fup. ao. 

Laftly, 
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Laftly, co_t= 90 = *k, and cc^-f- *k or *o^+ p I g. 
cb z: i8q> and kqjz 180 — cb, that is, £> p r: fup. 30* 

CB. 

1 

Cor. 1 . Some three poles of the fides of any triangle t 
form another triangle* wherein the angles and fides are 
refpeSively equal to the fupplements of the fides and 
angles of the other ; and thefe two triangles are mw* 
tualhf fupplemental to each other. 

For d, b> f arc the poles of the fides of the tri- 
angle abc, as well as a/b, c are the poles of the fides 

Of DBF. 

Gor. a. The near eft poles d, b, t 6f the fides of any 
fpherical triangle abc, form another triangle, wherein 
the angles and fides are refpeftively equal to the fides 
and angles of the given one : excepting only tbefupple- 
tnents of one fide and its oppofite angle in the former* 
will be the correfpondent angle and fide in the latter. 

For in the triangles dfb, dtf, db is common, and 
Z. f ir Z. t 1 and all the reft are the fupplements* 
There are other five, or in all, fix fuch triangles, 
and all adjoining to the angles and fides of the tri- 
angle def, by Cor. 1, 2 Prop, ix* but there is only 
one fupplemental triangle def to the triangle abc. 

Scholium. 

By this prop, quadrantal triangles may be reduced 
to right-angled ones. 

P R O P. XI. 

In two triangles, if three fides in one he refpetiivety 
equal to three fides in the other * or the three angles in 
the one to the three angles in the other * theft triangles 
will be equal in all refpeSs* 

Cuft 
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F-I G. Cafe 1. If three fides bp equal ; and if the bafe 

30. of one triangle be laid on \he bafe of the other, the 

two other fides muft coincide ; fiecaufe there can be 

but one point from whence twp given arches can be 

drawn to the two angles at the bafe. 

Cafe 2. If three angles are equal, then by Cor. 1 
Prop, x the fides of two triangles formed by the 
poles of both, will be the fupplements of the an- 
gles of the former, and therefore refpe&ively equal. 
Therefore, by Cafe 1 the angles of thefe fuppte- 
v mental triangles are equal, and thefe angles are the 
fupplements of the fides of the former triangles by 
Cor. 1 Prop, x, therefore the fides of the former 
triangles are refpe&ively equal. 



Scholium. 

■ This demohftration fuppofes the equal fides to lie 
the fame way ; but if they lie contrary ways, they 
cannot coincide. Yet if you will fuppofe the con- 
vexity of one of them to lie the contrary way, then 
they will coincide when laid upon one another. The 
fame may be applied to the following prop. 

PROP. XII. 

If in two triangles, there be two Jides and the in- 
cluded angle ; or two angles and the included fide, re- 
fpeSively equal 5 the two triangles will be equal in all 
refpe&s. For, 

i. If one fide in one triangle be laid upon its 
equal in the other triangle; then, by reafon of .the 
included angle being equal in both, the other two 
fides will coincide, and fo. the whole triangle. 

2. If the equal fide in one be laid upon that in 
the other, and the equal angles upon 9ne another, 
the whole triangles will coincide, and will therefore 
be equal. 

PROP. 
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PROP. XIII. 

The fum of any two fides of a fpberical triangle is FIG. 
greater than the third fide. 31. 

.Let ab be the grcateft fide; about the pole b, 
thro* c defcribe the arch cd, which will be ± to 
bd, alfo about the. pole a thro* d defcribe the arch : 
de, which will alfo be 1 to ad. And fince the 
two circles cd, bd, can but touch in one, point d, 
therefore at e, c there is a fpace ec between th,em. 
Whence, fince ae + cb = ad + db or ab, therefore 
ab + bc + cb or ac + cb is greater than ab. 

Cor. 1. The fum of the three fides of any fpberical '2P- 
triangle d-ef is lefs than a circle. 

For db is lefs than dt + te, and therefore 
db + ef + fd is lefs than fdt + fet or two ferai- 
circles. 

Cor. 2.- A great circle is the nearefi diftanjce of any 
two points upon afphexe. For it is a line of the leaft 
curvature that can be drawn, or defle&s leaft from 
a right line. . 

PROP. XIV. 
In any triangle equal fides are oppofite to equal angles* 3a. 

1. Let acztbc, let cd bifeft the angle acb, 
then in the triangles acd, cdb, there are two fides' 
and the included angle at c refpedtively equal j there- 
fore bf Prop, xn the jL a = A b. 

a. If A a = /- b, make a e = be, then by Cafe 1 
the A eab zAb=z. cab by fuppoficion s there- 
fore £ falls upon c, and ac is zz bc, . 

1 

La Cor. 
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FIG. Cor. i. An equilateral triangle is alfo equi- angular, 

32. and the contrary. 

Cor. 1. In any ifqfceles triangle, a perpendicular let 
fall on the bafe, bifeSls it and the vertical angle : et 
contra. 

Suppofe the convexity of the triangle cdb to lie 
the contrary way \ then becaufe the angles at d are 
equal ; if cdb be laid upon cda, db will fall upon 
da ; and becaufe cb n ca, and A a = Z- B (by this 
prop.) therefore the point b will fall upon a ; and 
' the triangles will coincide, then will ad = db, and 
Z. s at c will be equal. 

Again, If adzzdb, or A acd = L. bcd ; then 
by Prop, xii the angles at d are equal, or cd ± 
ab. 

PROP. XV. 

31* In anyfpherical triangle, the greatefifide is oppojek 

to the greatejl angle -, and the leaft to the leaft. 

1. Let Z- c > b, and make L bcd=b; then 
will cd zz bd by Prop xiv, but cd + ad or ab > 
ac by Prop. xm. For the fame reafon if b > a, 
then ac > cb. 

2. Let ab > ac, then angle c>bj for if c 
be equal or lefs than b, then ab is equal or lefs 
than ca by Cafe j, which is contrary to the fup- 
pofition. 

PROP. XVI. 

33. If one fide Da of a triangle dab be produced, and 
ifthefum of the other fides Db -f ba be greater, equal* 
or lefs than a femicircle -, the internal angle at the bafe 
d, is accordingly greater, equal, or lefs than the out* 
ward oppofite angle bac. 

For if db + ba be > zz or < than dc, then 
ba i* > =; or < than bc j and by Prop, xv the 

angle 
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angle c or d is > = or < than bac, refpec- fig. 
tively, x 

Cor. i . In an ifofedes triangle, as one of the equal 
fides is greater, equal, or lefs than a quadrant \ the 
angle at the bafe is accordingly greater, equal, or lefs 
than a right angle* 

Cor. 2. In an ifofceles triangle, either fide is of the 
fame affeHion as its oppofite or adjacent angle. 

PROP. XVII. 

In anyfpherical triangle, if tbefum of any two fides ~*. ' 
be greater, equal, or lefs than a femi circle; jbefum of 
the oppofite angles is accordingly greater, equal, or lefs, 
than two right angles. 

For by Prop, xvr, if db + ba be greater, equal, 
or lefs than dc, then A d is greater, equal, or lefs 
than bac, and d + dab greater, equal, or lefs than 
Dab + bac, or two right angles. 

Cor. i . In any triangle half tbefum of any two fides 
is of the fame affeBion, as half tbefum of their oppofite 
angles. 

Cor. 2. Hence it follows, that if in a triangle acb, 34* 
there be given two fides* ac, cb, and an oppofite angle 
a ; and if cd be made ~ cb, then you will have two . 
triangles aqb, acd containing the things given, and 
therefore the other oppofite angle may be either b or 
apc ; and confequently in both of them tbefum of the 
fides ac, bg, or ac, dc, are of the fame affeftion 
(with refpeEt to i8o°), as the fum of the oppofite an* 
gles a and b, or of a and adc. Therefore, when- 
ever the fum of the angles a and b are of the fame 
affc&ion as the fum of a and the fupplement of b, 

L $ then 
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FIG. then it is doubtful whether the other angle b is 
, acute or obtufe, becaufe it may be either. But 
when thcfe are of different affedtions, that value 
only of b (whether acute or obtufe) muft be taken, 
which, when added to a, their fum is of the fame 
affeftion, as the fum of the oppofite fides. 

35- ' Cor. 3. And for the fame rea/on, when two angles 
a and b, and an oppofite fide' i* are given: if there be 
two triangles acb, dcb that contain the fame data, 
it will be doubtful whether the other oppofite fide be 
ac or its fupplement cd (for cd = ce, the angles a, 
d, e being equal). For it may be either of them. 
Therefore we muft always take that value of ac 
which added to CB r their fum may be of the fame 
affe&ion (with refpedt to 180), as the fum of the 
oppofite angles. And if both fums (viz* of ac or 
its fupplemenc, added to cb) be of one and the fame 
affeftion ; then it is doubtful. Alfo if ci be J- a*, 
it will be ambiguous whether ai or its fup. ei z= di 
be the fegment of the bafe, and. whether aci or its 
fup. eci or pci be the angle at the vertex. * 

Note, The cafes mentioned in the two laft coroU 
contain the fix ambiguous cafes of oblique triangles. 
For when two fides and an angle oppofite are given; 
the other three things will have different values* 
according as an arch or ks fupplement is taken for 
the other oppofite angle. And if two angles and 
an oppofite fide be given $ according as an arch or 
its fupplement is taken for the other oppofite fide; 
the bafe and its oppofite angle will have different 
values. 

33 # Cor. 4. If in a right-angled triangle^ there be given 
en angle and its oppofite fide, there will be two triangles 
pba, cba that have the fame data, and therefore 

the 
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the other three things are doubtful. Whence the hypo-' F I G. 
thenuje may hi either db or its /up. bc If db be 3S* 
the hypothenufe, then the bale is da and JL oppo- 
Jitp dba. If bc is the hyp. then ac is the bafc 
and abc the op. angle, thefe three being the fup. 
of the others. And thefe are called the three am- 
biguous cai?s in right-angled triangles ; when an 
angle and its op. leg is given, to find .the reft. 

After the fame manner in a quadrant al triangle y if a 
fide and the oppoftte angle be given \ the angle oppofiu 
to the quadrantal fide may be either that angle -dab, 
or its fupptement bac And, therefore the, three 
things fought are ambiguous, and each of them may 
be either an arch or its fupplement. 

* • 

Cor., 5. From what has been faid it follows, that 
in two fpherical triangles > if two fides and an oppoftte 
angle y be refpeSively equal in both triangles % and the 
other oppofite angles in both triangles, of the fame kind, 
either both acute or both obtufe ; then thefe two tri- 
angles will be equal in all refpeSs. 

And if two angles and an oppqfitefidt be refpeSivefy 
equal in both\ and the other oppofite fides y of the fame 
icind: then the triangles are equal in all rcfpcQs. 

PROP. XVIII. 

n 

In any triangle abc, thefum of the three angles is 2p. 
greater than two right angles* 

Let FDg be the fupplemental triangle to abc, 
by Prop, x ; then by Cor. 1 Prop, xm, df + f* 
+ ep is lefs than a circle ; that is, the fupplements 
of a, b, and c is lefs than 2 femicircles, or 1 80 — 
A + 180— * + 180 — c < 360; fubtraft 2 femi- 
circles, and then 180 — a — B — c < o ; add 

L 4 A + * 
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FIG. a + b + c, then 180 < a + b + c, or a + 
b + c > 180. 

« . - , Cor. i. Tbefum of the three angles of any triangle 
is lefs than fix right angles. For every angle muft be 
kfs than 2 right angles, otberwife it would be one con- 
tinued arch. 

33. Cor. 2 * I* Kan y triangle dab, the external angle 
ba n c is lefs than the /urn of the interior oppojite angles 
D and 9. ' 

Con 3. fbefum of any two angles is greater than 
the fupplement of the third angle. 

•0. Cor. 4. fbe Jum of any two angles — the third (or 
any angle and the difference of the other two) is lefs 
than two right angles. 

- For jd is lefs than fe + ED, by Prop, xiii, that 
is, 180— b, is lefs than 180 — a+ j8o — cj that 

is, 180 -+-*-+'-€ * is lefs than 180 ■+ 180, or 

a + c — b lefs than 180. 

Cor. 5. In a right-angled fpberical triangle^ the 
fum of, the oblique angles is greater than one, and 
lefs than three right angles. By this prof, and 
Cor. 4. 

PROP. XIX. 

; 3g # If the angles at the bafe of a fpberical triangle be 

$f the fame affeftion, the perpendicular on the bafe will 
fall within the triangle - 9 if of different affection, it falls 
without. 

Jfn the triangle gab, whofe b&fe is gb and its 
pole p, fincc the perpendicular muft pafs'thro' the 

pole 
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pole p, by Prop. 1 Cor. 1, let it interfeft the bale F I G* 
in d, c, then the angles pgb and pbg are right, and 
therefore agb and abq are both obtufe, when the 
perpendicular cd falls between them. Likewife the 
angles pfe, and pef are both right; therefore in the 
triangle fae the angles f and e are both acute, when 
AC falls within. But in the triangle bae the per- 
pendicular falls without, and the L abe is acute 
and aeb ob,tufe. And the fame will hold for any 
other triangle that can be drawn. 

Cor. If the two leaft fides of afpberical triangle, 3W 
AC, bc be of the fame affeSion ; the perpendicu- 
lar cd upon the other ab, will fall within the tri- 
angle* 

Let ab be the greateft fide, make be — bc, and 
af =: ac, then by Cor. 2 Prop, xvi, the £- bec is 
of the fame affe&ion as cb, and afc of the fame af- 
fection as ac ; but ac, bc are of the fame affe&ion, 
and therefore the angles efc, fec. Therefore by 
this prop, the perpendicular cd falls within the tri- 
angle ecf pr acb. 

If ab be lefs than ac, cb, but greater than their 
fupplements (they being of the fame affe&ion), 
the perpendicular will fall within. For this and the 
adjoining triangle (whole common bafe is ab) have 
the fame perpendicular. See Cor. 2 Prop. ix. 

Scholium* 

Some other properties of perpendiculars may be 
feen in the corollaries to Prop. vm. 

PROP. XX. 

In any right-angled fpherical triangle, each of the 37* 
oblique angles is of the fame affeSion as the oppofiu 
Jidt. 

If 



154 , ^ELEMENTS Book hi. 

FIG. If the angle at a be right, and ac lefs than a 
37* quadrant, produce ac to d, that ad may be a 
quadrant, and draw bd $ then d is the pole of ba, 
and consequently abd a right angle, and therefore 
abc is lefs than a right angle. But if as be 
greater than a quadrant, then its oppofite angle 
,abe is greater than the right angle abd. And 
ff ad be a quadrant, the angle abd is a right 
angle. 

On the contrary, if abd is a right angle, then 
d is the pole of ab, and ad a quadrant; but if 
abc be lefs or abe greater than a right angle, then 
the oppofite fide ac will be lefs, or ae greater than 
the quadrant ad. 

« 

Cor. In a right-angled fpberieal triangle > if the 
lypothenufe be a quadrant, one of the fides will be a 
quadrant, and its oppofite angle a right angle. 

Let bac be the triangle, a the right angle, the 
hypothenufe bc a quadrant j ab (produced atleaft) 
pafles thro* the pole of ac ; and if the quadrant c* 
be fuppofed to revolve about c, it will cut ab in 
the pole of ac. But b is the point where they cut, 
therefore b is the pole of ac j and confequently ba, 
bc, are both quadrants 5 and a being a right angle, 
c will alfo be a right* angle (by Prop, xiv.) 

Or thus. 

Suppofe c a right angle, then will 1 be the pole 
of ac, and therefore bc, ba, are both quadrants. 
But if c is acute, then cb will be lefs than a qua- 
drant, when ac is lefs; or greater when ac is greater, 
(fee Prop, vin), both contrary to' the fuppofition. 
And when c is obtufe, cb will be greater than a 
quadrant, whtn ac is lefs, and lefs when ac is 
greater, both ajfo contrary to the fuppofition* 

Therefore 
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Therefore in all cafes when a is a right angle, and FIG. 
bc a quadrant, c will be a right angle too, and con- 37* 
fequently (b being the pole of ac), ba will be a 
quadrant* 

PROP. XXI. 

In a right-angled fpherical triangle bad, if the t legs jg. 
be of the fame affeftion, the hypothenufe ba, will be 
lefs than a quadrant 5 if of different affeSion, it will 
be greater : and the contrary. 

Let d be the right angle, and produce db, da to 
c > and make dp, de quadrants, then p is the pole 
of db, and £ of da, and pb a quadrant. Then in 
the triangle dba, if db, da be lefs than a quadrant, 
then ba will be lefs than the quadrant bp, by Prop* 
vin. And in the right-angled triangle bac,< if bc» 
ac, be greater than a quadrant, then alfo ba is le& 
than bp. 

But in the triangle dbf, where db is* lefs and dp 
greater than a quadrant ; as likewife in the triangle 
Bcf, the hypothenufe bf will be grea#r than the 
quadrant bp, by the fame Prop. vnr. 
- On the contrary, if the hypothenufe ba be lefs 
than a quadrant bp, then db, da are both lefs; or 
elfe cb, ca both greater than a quadrant. But in 
the triangle dbf or cbf, where the hypothenufe Bf 
is greater than the quadrant bp 3 db, df or elfe cb* 
Cr are of different affe&ions. \ 

Con i. As the two oblique angles are of the fame 
or different affeftion ; the hypothenufe will be accord- 
ingly leffer or greater than a quadrant : et contra, by 
Prop, xx and xxj._ 

Cor. 2. As the hypothenufe and one fide (or its oppo- 
fite angle) is of tbefams or different *ffefl ion-, the other 

fide 
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« 

FIG. fide (and its oppofite angle) will be lefs or greater than 
38. a quadrant. 

Cor. 3. As the bypotbenu/e is lejfer or greater than 
a quadrant, each leg will befimilar or dtjfimilar to its 
adjacent angle : and the contrary. 

Cor. 4. If the byfotbenufe ab be lejs or greater than 
a quadrant, one fide Avjballalfo be lefs or greater than 
a quadrant, when db (the other fide) is lefs ; and the 
oppofite angle b Jhall alfo be lefs or greater than a right 
angle. But the contrary will happen, when db is 
. greater than a quadrant \ 

PROP. XXII. 

39* tf a triangle cia have one acute angle, it alfo bath 
me fide lefs than a quadrant. 

Let aci be the acute angle, and in the triangle 
cba, let c be a right angles if either a fall be- 
tween p and c, or b between c^and c, the prop, 
is manifeft $ for then either ca or cb is lefs than 
a quadrant. Let therefore cb, ca be greater than 
quadrants, then by Prop, xxi, ba is lefs than a 
quadrant, therefore in the acute -angled triangle 
aci, ai is ftill lefs than a quadrant. 

Cor. If a triangle have one fide greater than a quay 
irant, it alfo bath one obtufe angle. 

For if a triangle hath one fide greater than a qua- 
drant, its fup pie mental triangle (by Prop, x) hath 
one acute angle; and therefore by this prop, it 
hath a fide alfo lefs than a quadrant. And if fo, 
then (by Prop, x) the former has an angle greater 
than a right angle* 

PROP* 



tj 
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PROP. XXIII. 

If a triangle has two fides UJs than quadrant s> it FIG. 
has aljo an acute angle. 39* 

For in the triangle dba, if bd, da be lefs than 
quadrants, the fum of the oppofite angles is lefs 
than 2 right angles, by Prop, xvu ; therefore at- 
lead one of the angles is lefs than a right angle. 

Cor. If a triangle acb has two obtufe angles, it has 
alfo one fide greater than a -quadrant. 

For by Prop, xvn, if two angles be greater than 
two right angles, then the fum of their oppofite fides 
is greater than a femicircle ; therefore, at leaft one 
of them is greater than a quadrant. 

PROP. XXIV. 

If the three angles of a fpherieal triangle he acute \ ^ 
each fide wiU be lefs than a quadrant* 

For the perpendicular cd from any angle will 
fall within the triangle by Prop, xix; and fihce, in 
the right-angled triangles acd, and dcb, the an- 
gles a and acd, and b and bqd are all acute, there- 
fore by Cor. i Prop, xxi, the hypothenufes ac, bc 
are lefs than a quadrant. And by the fame reason- 
ing ab is lefs than a quadrant. 

Cor. i. If the three fides of a fpherieal triangle def 30 ^ 
be greater than quadrant s 9 the three angles will bc 
obtufe. 

For then the three angles a, c, b of the fupple- 
mental triangle acb, will be acute, and therefore 
the fides lefs than quadrants, by this Prop. And 
therefore by Prop, x, the angles of the triangle def 
will be obtufe. 

Cof. 
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FIG. Cor, 2. In a triangle def, if two angles d, e be 
30. obtufe, and one f acute ; the fides are of the fame af- 
feSion as the oppofite angles. 

For in the adjoining, triangle det all the angles 
are acute by Cor, 2 Prop, ix ; and all the fides lefs 
than quadrants, by this prop, and therefore in the* 
triangle def \ df, ef are greater than quadrants. 

Cor. 3. In a triangle, if two fides be lcffer> and one 
greater than a quadrant j the angles will be of the fame 
affeSion as the oppofite fides. This follows fronfl Cor. 2 
of this, and Prop. x. . 

PROP/ XXV. 

39 # In dfpherical triangle > when two fides are of the 
fame affeSion^ and the included angle aclute ; then the 
third fide is lefs than a quadrant. But if the two 
fides are of different affe&ion, and the included angle 
obtuje ; the third fide is greater than a quadrant. 

1. In the triangle bda or bca, right-angled at 
D and c, if the legs are of the fame affe&ion; the 
hypothenufe ba is lefs than a quadrant, (by Prop, 
xxi) but if the angle ac o or c be lefs than 90, as 
aci, adi ; then ai is ft ill lefs. 

2. Suppofe the legs to be of different affeftion, 
then by (Prop, xxi) the hyp. ba will be greater 
than a quadrant, and much more will ba be greater 
than a quadrant, if the angle at c and d be obtufe. 

Cor. When two angles are of the fame affeflion, and 
the included fide more than a quadrant 5 then the third 
angle is obtufe. But if two angles are of different 
affeSion, and the included fide lefs than a quadrant ; the 
third angle is acute. 

For by Prop, x, its fupplemental triangle comes 
under the cafe of this prop. 

1 SECT. 
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SECT. HI. 

The proportions for calculating the Jides and 
angles of fpherical triangles ; with fame other 
things relating thereto. 
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PROP. XXVI. 

In any right-angled fpherical triangle abc, it is, 
As radius : 

To fine of the bypothenufe bc : : 
So fine of any angle c : 
To fine of its oppofitefide ab. 

Let the triangle bac be right-angled at a ; draw 
ag, cg to the center g of the fphere. From b 
let fall bi J. to ag, anci thro' i draw ih 1 tOGC; 
and draw %U 9 which will be in the plane of thte 
circle bc. Since the plane abg is JL acg, there- 
fore bi is J. acg, and ch 1 to the plane bih. 
Then bi is the fine of ba, and bh the fine of bg, 
and by Cor. 4 Prop, iy, L. p*n zr fpherical angle 

ACB. 

This done, in the right-angled plain triangle bih* 
it will be (by Prop, m B. n) rad. : bh : : fin. h : 
Bi; that is, rad. : fin. bc : : fin/c : fin. ab. 

Cor. 1. In a right-angled triangle abf, a cof. hyp. 
af x rad. zr cof.Jum of the fides ab, bf + cof. their 
difference. For in the triangle edf, rad. : fin. ef : : 
fin. e : fin. df, that is, rad. : cof. bf : : cof. ab : 
cof. af, whence rad. x cof. af z= cof. ab xcof. bf = 

(by Sch. 4, 1) cof. ab + bf + cof. ab — bf : x 
•into I radius. 

PROP. 
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PROP- XXVIL 

FIG. In any right-angled triangle abc, as 
40* Radius : 

Sine of one fide ac : : 
Tan. angle adjacent c : 
. Tan. oppofitefide ab. • 

Suppofing the fame conftru&ion as in the laft 
prop, then in the right-angled plane triangle hig, it 
will be (by Prop, in R. n) rad. : fin, agc or ac 
: : 10 : ih. And in the right-angled triangle big 
(right-angled at 1) rad. \ tan. bgi or aB : : ig : ib. 
And in the right-angled plane triangle bih, tan- 
bhi or c : rad. : : ib : ih. Therefore, ex equo? 
tan. c : tan. ab : : ig : ih ; that is, rad- : fin.AC 
: : tan- c : tan; ab. 

1 
1 f 

Cor. 1. 

91. I" right-angled fpherical triangles abc, adf, that 
have equal angles at the bafe; then 

1. The fines of the bypotbenufes, are as the fines tif 
She perpendiculars. 

a* The fines of the bafes y are as the tangents of the 
perpendiculars. 

3. The tangents of the bypothenufes, are as the tan- 
gents of the bafts. 

4. The. cofines of the bypotbenufes, are as the cotan- 
gents of the angles at the vertex. 

5- The cofines of the bafes 9 are as the cofines of the 
vertical angles. 

6. The cofines of the perpendiculars, are reciprocally 
as the fines of the angles at the vertex. 

AH thefe are eafily demonftrated by the help of 
the two laft propositions ; by extending the fides of 
the triangle* to quadrants, after the manner of fig. 41 ; 

and 






Stftftim */ TRIGONOMETRY* 161 

and finding the proportions, in the Gomplemental p I q # 
triangles edf, adc, ecb ; which will come out as 91* 
follows 2 

As rad : s.A : t s.ac : s.cb : : s.af : s.fd. 
And rad : tan* a : : s.ab : tan. bc : : s.ad : tan. df. 
And rad : cof. a : : tan. ac : tan. ab : : tan. af : tan. ad* 
And rad : tan. a : : cof. ac : cotan. c : : cof. af : cotan. f. 
And rad : s.a : : cof. ab : cof. e : : cof. ad : cof. f. 
, And rad x cof* a = cof. cb x «•£ =: cof. fd x s.f* 

Cor. a. 

In right-angled fpherical triangles, afb, afd, that 
liavc equal hypothtnufes j then 

i. The fines of the perpendiculars , are as tie fines of 
the angles dt the bafe. 4 

a. The fines of the bafes are as the fines of the ver* 
tic al angles. 

3. Z%e tangents of the bafes, ate as the cofines of the 
angles at the baft. . 

4. The tangents of the angles at the bafe, are as the 
cotangents of the angles at the vertex. 

5. The cofinfs of the bafes, are reciprocal^ as the 
cofines of the perpendiculars. 

6. The tangents of the perpendiculars, art as the 
cofines of the vertical angles. ; 

N 

For rad : s.af : i s.FAfi : s.fb : : s.fad : s.fd. 

And rad : s.af : : s afb : s.ab : : s.afd : s.ad. - 

And rad ; tan. af : : cof. fab : tan. ab : : cof. fad : tan* Ab. 

And rad : cof. af : : tan. fab : cotan. afb : : tan. fad : cotan. afd* 

And rad x cof. af =r cof. ab x cof, bf = cof. ad x cof. df. 

And rad : tan. af : : cof. afb : tan. fb : : poC afd : tan, fd. 

Cor. 3. 

. In right-angled fpherical triangles abc, abf, hav- 
ing equal bafes * then 

M i* to§ 
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F I G, % i. The tangents of the perpendiculars, are as the 
9*- tangents of the angles at the bafe. 

2. The fines of the angles at the bafe* are as the con- 
fines of the angles at the vertex. 

3. The fines of the perpendiculars, are as the cotan- 
gents of the vertical angles* 

4. The coftnes of the perpendiculars, are as the cofines 
of the bypotbenufes. 

5. The cotangents of the bypotbenufes, are as the 
cofines of the angles at the bafe. 

6. 7 be fines of tbe bypotbenufes, are reciprocally as 
the fines of tbe vertical angles. 

Forrad:s.AB::^ 8n -^ :t » n - c *- « 

I tan. fab ; tan. fb. 

a j j r - f *• CAB : Cof. ACB» 

Andrad:cof.AB;:| s FAB . cofF> 

And rad : tan. ab : : J cotan ' ACB : S ' CB ' - 

I cotan. f : s.fb. 

A , , r \ COf. CB : COf. AC. 

Andrad:conAB::| coffFB:cofAF# 

a j a ~ -.- * . . fcof- cab : cotan. £C. 
And rad : cotan. ab : i\ r 

And rad x s.ab =: s.acb x s.ac or = s.y x s.af. 
Note, Either fide may be taken for tbe bafe. 

PROP. XXVIII.- 

^1. Many right-angled or quadrant al triangle \ tbe fine 
of middle part and radius* are reciprocally proportkndl 
- to tbe tangents of tbe extremes conju*ff,and to tbe co- 
fine* of tbe extremes disjunct. 

This is the Lord Neper's theorem, and is demon* 
ftrated by induftion thus : 

Produce the fides **> af, bf to quadrants, and 
dcfcnbe the arch cat. Then fince the archrt ac, 

AS>t 
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ad, bb, ce are quadrants, the angles b, c, d will be Ft 6* 
right; and ed zr complement of dc ~ comp. a* 41 • 
and fd = comp. af ; and sf = comp. pb. Alfo 
the cofine of the complement is the fine, and the- 
cot an. af the comp. is the taAgcnt. 

Now the middle part muft be either a leg, the 
comp. of an angle, or the comp. of the hypothe- 
nufe. 

1/ Suppofe a leg as ab be middle part, then bf 
and comp. L a are extremes conjunft. But by 
Prop, xxvix, rad. : fin. ab :: xaq. a : tan. fb. 
Or thus, fin. ab : tan. pb : : (rad. : tan. a : :) 
cotan. a : radius, by Cor. 2 Prop. 1 Book 1. 

a. Let comp. of an angle a be middle part, then 
/AB and cqmp. af are extremes donjund; and in the 
triangle def, by Prop, xxvn, rad. : fin. id : : 
tan. b : tan. df i or fin.ED : tan. df :x (rad. : 
tan. e : :)cotan. e : radius, by Cor. 2 Prop. 1. 
1 ; that is> cof. a : cotan. af : : tan. ab : rad. 

3. Let the comp. hypothenufe af be middle part, 
then comp. a and comp. f are extremes conjunct. 
Therefore io the. triangle def, rad. : fin. df :: 
tan. f : tan. ed i or fin. df : tan. zd ( : : rad. : 
tan. f. ) :: cotan. f : radius; that is, cof. af : 
cotan. a : : cotan. f : radius. 

Therefore radius x fin. middle part = re&angle 
of this tangents of the extremes conjunct. Again, 

1 . Let a leg ab be middle part, then comp. *, 
and comp. af are esremes disjunft, therefore by 
Prop, xxvi, r^d. : fin. af : : fin. f : fin. ab. 

a. Let comp. of an angle a be middle part; 
then pb and comp. p are extremes disjunct : there- 
fore in the triangle def, by Prop, xxvi, rad. : 
fin. ef : : fin. f : fin. ed > that is, rad. : cof bf : : 
fin. P : cof. a. 

3. Let comp. hyp. af be middle part ; then ab, 
*b are extremes disjunct. And in the triangle def, 

M 2 by 
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FIG. by Prop, xxvi, rad. : fin. ef : : fin. £ : fin. t>F} that 
41. . is, rad. : cof. bf : : cof. ab : cof. af. 

Therefore radius x fine of middle part = rect- 
angle of the cofines of the extremes disjunft. 

And in a quadrantal triangle, its fupplemental one, 
- by Prop, x, will be a right-angled triangle. And 
llnce this prop, holds in thatnrrgtit-angled triangle, 
it vrill equally hold in the quadrantal triangle, 
wherein the parts are the fupplements of the others; 
becaufe arches and their fupplements have the fame 
lines, cofines, tangents, and cotangents. 

42* Cor. i . If a. perpendicular fi be let fall on the bafe 

. ef a fpberical triangle, the cofines of the angles at the 
bafe are as the fines of the angles at the vertex. 

For in .the right-angled triangles afi, bfi, it 
is cof. a : fin. afi : : (cof. fi : rad. ; :) cof. fbi : 
fin. bfi. 

, Cor. i. The cofines of the fides are as the cofines of 

Jbefegtnents of the bafe. 

. For cof. ai : cof. af : : (rad. : cof. fi : :) cof. bi : 

£0f. BF;. 

Cor. 3. The fines of the fegments of the bafe are as 
the cotangents of the angles at the bafe. 
. For co tan. a : fin. ai : ; (rad. : tan. fi : :) cot. 
ibf : fin. ib. 

Cor. 4. The cotangents of the fides, are as the co- 
. . fines of the angles at the vertex. 

For cotan. af : cof. afi : : {rad. : tan. fi : :) co- 
tan, bf : cof. pfi. 

/ .» 

Cor. 5. The tangents of the fegments of the bafe 
are as the tangents of the hngUs at the vertex. 

For tan. afi : tan. ai : : (rad. : fin. fi : :) tan. 
m : tan. bi. 

Cor. 
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Cor; 6. 1}>e fines of the fides, are reciprocally as the. F I <}. 
fines of the Angles at tfa bafe. 42. 

For fin. af : rad : ; fin. fi : fin. fai = r x fifU FI , 

fin.AF 

and' fin., bf : rad : :. fin. fi : fin. fbi= r , x .I 0, "* •• 
•• fin.BF 

whence fin. fai : fin. fbi : : —J : —J — . 

. , fin.AF fin. bf 

*• ♦ • • * * 

* v 

.a.\ Scholium.*, 

This prop. will refolye all right-angled and qua» 
xlrantal triangles j and alfo all oblique ones, (ex- 
cept where 3 £'8 or. 3 fides .are given,) by letting 
fall a perpendicular dividing it into two right-angled 
triangles. • 

PROP. XXIX. 

In any fpberical triangle^ the fines of the fides are a- 
proportional to the fines of their oppofite angles* 

On ab, af let fal^thp perpendiculars fh, bi* then 
by PA>p % xxvi. 

; fin. af : fin. fh : : rad. : fin. a 
and fin. fh : fin.FB : : fin. b : rad': therefor^ ' 
exeguo^fiti.At r : fin.FB:: fin. b: Tin. a. ' • 

agairi'firi. ab : fin; bi : : "fad, : fin. a '. ' 

. and fin. bi : fin. bf : : fin. * : rod. and, 
exequo, fin. ab ; fin.BF:: fin. f : fin", a. " ~ * 

: Ctov t.Ifa great circle be drawn from the vertex 
cf a triangle to cut the bafe j the rectangles of the 4 * 
fin***, of -the fides, and a/. tie vertical angles -, an di- 
ngily as the fines oftbefegments of the bafe. • ■ ■ 

M3 For 
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FIG. ; For fin. cda : fin. ca : : fin. cad : fin. ci> 5= 

44. fiD.CAxfi0.CA D) ^ fio C0A .^ B0A . ^ ^ . .- 

fid. CDA 

r r _ ^0. AB X Gn. DAB . /> 

fin. dab t fin. db = • i therefore 

fin. CDA 

fin. cd : fin. db : : fin. ca x fin. cad : fin. ba x fin* 

DAB. 

Cor. a. Tf the vertical angle of a triangle be bi- 
felled ; the fines of tbefegments of tbe bafe are as the 
Jines of tbe fides 1 fin. CD : tin. bd : : fin. ac : fin. ab. 

PROP. XXX. 

li. f* a fpberkal triangle, if a perpendicular be let fall 
on tbe baje, it is 

As the fine of the Jum of tbe fides* af, bf ; 

Sine of their difference : : 

Cot. of \ futA of tbe angles at tbe vertex, afi, 

bfi': 
Tan. of half tbeir difference. 

For by Cor. 4 Pr. xxvin, cotan. af : cota*. 
bf : : cof. afi : cof. bfi ; or by Cor. 4 Pr. j J$% 1, 
tan. af : tan. bf : : cof. bfi : cof. afi. And by 
compofuion and divifion, . tan. af + tan. bf : tan. 
af — tan. bf : : cof. bfi + cof. afi : cof. bfi — 
cof. afi 3 that is, by Cor. 4 and 2 Pr. vu B. j, 

fin. af + bf : fin. af — bf : : cotan. ■ ■ - . • 

2 

^ AFI— BFI 

tan. -• 

2. ... 

Cor. 1. If tbe perpendicular falls v>hbini tULtHi 

= "half tbe angle it tbt verttx t : if it falls wkbott* 
t n ~~ B " = Ulf tbt vertical angle. 

Cor. 
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Cor. a. As fine of the fum of the fides ; FIG. 

Sine of difference of the fides : : .4** 

Cot an. half the vertical angle : 
Tan. half difference, or half fum, of the verti- 
cal angles, according as the perpendicular falls 
within or without* ' 

Cor. 3. In a right-angled Jpberical triangle abf, - 5*.- 
Sin Jutn of the hyp. and one fide, At, bf : 
Sin. of their difference : : 
Radius fquare : 
Tang./quare tf half the contained angle f. . 

For in this cafe the £ f is both the fum of the 
angles, and the difference of the angles. And cot. 

Rad ** 

f f : tan. If : : ■ ■ : tan. f f : : rad. a : 

Tan. i* 

tan.* of |f. 

PROP. XXXI. 

Let a perpendicular fall on the baft of a triangle j 43, 
then 

Tan. half the fum of the fides, af, bf : 
San. half their difference : : . ^ 

Tan. half the fum of the angles at the bafe, b, a : ^ 

Tan. half their difference. 

For by Prop, xxix, fin. af : fin. bf : : fin. "i : 
fin. a. And by compofition and divifion, fin. af + 
fill. 3F : fin. af — fin. bf : : fin. B + fin. a : fin. b— 
fin. a ; that is, by Cor. x Pr. vn, B. i* tan. 

iL±2L, tan. AF - Bg : : tan. l±± , s tan. 



tmim 
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i68 ^pLE ME NTS Book in. 

PROP. XXXII. 

FIG- Let a perpendicular fall on the baft of a Jpberical 
4** triangle \ then 

Cot an. half the fun of the angles at the baje % a, b : 
fa n. half their difference : ; 
Van. ifum of the angles at the vertex, afi, bfi : 
Tan. half their difference. 

For by Cor. i Prop, xxvin, cof. a : cof. B : : 
fin. afi : fin. bfi. And cof. a + cof. b : 
cof; a — • cof. b : : fin. afi + fin. bfi : fin. a« 
•— fin. bfi ; that is, by Cor. i and 2 Prop. 7 B. i, 

B + A ' B — A „ AFI + BFI . 

cotan, — i- — ; tan. Z* ■ : : tan, ; 

2 % % 

tan AFI ~ 8FI « 

L<*11. mmm—mam . n il I. 

2 

AFI -f- BFI 

Note, If the perpendicular falls within, *— * — «— «— 

n half the vertical angle 1 j but t — — — * if it 
fall without. 

• * * • 

, 4 

Cor. Cotan. half the fum of the angles at the hafe x 
Tan. Jhftlf their difference : : 
". ^an 4 half the vertical angle : 
_ Tan. half she difference, or half the fum of the 
.. \y vertical angles, as the perpendicular falls 
yvitbin or without. \ 

' ' r 

• • » .... 

This is plain when the perpendicular falls within; 
and when it falls without, + bfi becomes —*• bfi, 
and the contrary. 



PROP, 



Seft.m. •/ TRIGONOMETRY. t<5 9 

* 

PROP. XXXIII. 

Suppofe a perpendicular to fall on the bafe of a F I G. 
Spherical triangle > then as 4** 

, Tan. baiffum of the fegments of the bafe ai, Bi : 

Tan. half the fum of the fides* af, bf : : 

Tan. half difference of the fides af, bf : 

Tan. f diff. of the fegments of the baje % ai, bi. 

For by Cor. 2 Prop, xxvm, cof. bf : cof. af 
: ; cof. bi : cof. ai. And cof. bf + cof. af, : 
cof. bf — cof. af : : cof. bi + cof. ai : cof. bi — r 
cof. ai - 9 that is, by Cor. % Prop, vn B. i, co- 

AF + BF AF — BF .. AI ',+ BI m 

tan. Ar ^ , : tan. — - : : cotan. ■ • 



mr0tF~m~ 



tan. 



At — BI 



A T 1 1K1 

Or by Coir, 4 Prop. 1 B. 1, tan. — Z. — : 



1 



AF + BF , AF + BF ' AI + BI 

tan. ^ ■ : : (cotan. ^ , : cotan. — -L — 



2 2 

AF — ;BF » AI BI 



: :) tan. £- — *r~L : tan. 

Here as the perpendicular falls within or without, 
ai + bi or ai — bi will be the bafe. 

Cor. 1 . As tan. half the bafe : 
Tan. half fum of the fides < : 
Tan. half difference of the fides : 
Tan. half the alternate bafe. 
Where the alternate bafe is half the difference, or 
half the fum of the fegments of the* bafe, according 
as the perpendicular falls within or without. 

Cor. 2. In a right-angled triangle; the reftangk of 
the tan. of half the bypotktnufc •+■ half qnt leg t and 

the 
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FIG. the tan. half the bypotbenufe — half that leg = tan. 
fquare of half the other leg. For then bi = o* 

PROP. XXXIV. 
43. Lit fall a perpendicular upon the hafe of a triangle, 

then 

Sine of the f urn of the angles at the hafe i, a : 
Sine of their difference : : 

Tan. half/urn of the fegments of the bafe, ai, bi : 
Tan. half their difference. 

For by Cor. 3 Prop, xxvm, cotan. a : cotan. 
B : : fin. ai : fin. bi, or tan, b : tan. a : : fin. ai : 
fin, bi. And tan. b + tan. a : tan. b — tan. a 
: : fin. ai + fin. bi : fin. ai —? fi n, be ; that is, (M 
Cor. 4 and 1 Pr. vn B. 1) fin. b + a : fin. b — a 



ai + bi . tnty ai — bi 
: : tan. — - — : tan. ■■■ - ■ 

According as the perpendicular falls within or 
without, f±±A or tlZllL will be equal to half 

the bafe. Whence 

# 

• Cor. 1. Sine of thejum of the angles, at the hafe : 

Sine of their difference : : 

Tan. half the bafe : 

Tan, half the alternate bafe. (See Cor. i Pr. 33) 
For when the perpendicular falls without, + M 
becomes — bi, and the contrary. 

P R O P. XXXV. 

Let fall a perpendicular m the b*fe> then as 

Sine of thejum of the fegments of the bafe, ai> bi ; 

Sine of their difference : : 

Sine of thejum of the angks at the vertex, afi, 

bfi : 
Sine of their difference. 

1 For 
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. * m x 

For by Cor. 5 Prop, xxvm, tan. ai : tan. 91 p \ q 9 
: : tan. afi : tan. bfi. And tan. ai + tan. 4^ 
bi I tan. ai — tan. bi :: tan. afi + tan. bfi 
: tan. afi — tan, bfi ; that is, by Cor . 4 Pr. vi i 

B. i > fin, ai + bi : fin; ai — bi : : fin. Ar*-Jr*" * 
fin. afi — bfi. Here, as the perpendicular falls 
within or without * ai + bi, or ai — b 1 is the 
bafej and afi + bfi, or afi — BFr, the vertical 
angle* Whence 

Gor. As fine of the hafe : 

Sine of the vertical angle : : 
So fine of the diff. fegments of the baje : 
Sine of the diff. angles at the vertex, when the 

perpendicular falls wit bin : : 
Or fine of the J urn of thejegments of the baje : 
Sine of the fum of the vertical angles, when the 

perpendicular falls without. 

prop, xxxyi. 

As cofine of half the Jim of two fides, af, bf : * %m 

Cofine of half their difference : : 

Cot an. half the included angle afb : 

Tan. half fum of the oppofite angles a # abf. 

Put AF4-BF = P, AF — BF=I^, ABF + AnQ^' 

ABF AHJ, Ai -^ BI = R, AI — BI =r, AFI + 

BFI = V, AFI BFI ZZ V. 

Then fince the tangents are reciprocally as the 
cotangents, we fhall have, by 

Prop r 30, fin. p : fin. p : : cotan. \ v : tan. I v. 

31, Cot. \ p : cot. I p :,: tan. f q : tan. f q* 

32, tan. I q : tan. £ v : : cot. % v : tan. f <^ 

And compounding thefc ratios, and expunging equal 
quantities, 

Sin. p 
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FIG. Sin. P x cot. I p : fin. p x cot. \ p : : cot. fquare £ v : 

*** tan. fquare Iq. But by fch. Pr. 2 B. 1, * . cof ' f p 

COt. £P 

r T^x fin.- px cot. |p , — jr* 

= fin. *, or cof. f p = £ — * and cof. fp= 

2 

in.pxc . fj^ therefore cof, fquare fp : cof. fquare 

2 
Ip 1: cot. fquare \y : tan. fquare £qj and cof, f p 

: cof. ip : : cot. $v : tan. f Q* 

This is plain when the perpendicular falls wi.thiQ; 
and when it falls without, inftead of the third pro- 
portion, fubftitute this (by Cor. Pr. xxxn) tan. iqj 
tan. \y : : cot. % v : tan. io^ and you will have ac 
laft this* cof. |p ; cof. ip : : cot. {v : tan. Iq., 

Cor. 1 . As fine of half the f urn of tk fides ; 
v Sine of half their difference : : 

Cotan. half the included angle : 
Tan. half difference of the oppofite angles. 

For by the former proportions, a little varied* 
fin. p : fin.^ : : cot. fv : tan. \v. 
tan. {P : tan. \p : : tan. fa. : tan. \q> 
tan. f q^ • tan. \v : : cot, iv : tan. \ q. 
Thpn proceeding as before, it wiH'befound(bySch.2 
Prop. 2 B. 1) that 

Sin. fp :fin.|^ :: cot. £v : tan, -J-^when the per- 
pendicular falls within $ and when it falls without, 
inftead of the third proportion put this (by Cor. 
Prop, xxxn) cot. fv : cot. \v :: cot. £cl: tan; fy, 
and you will get at laft fin. |p : fin. \p ; : cot.^v.; 
tan. i q. . 

Cor. 2. Cof. half f urn of two fides : 
Cof. half their difference : ; 



Tan. 
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Tan. half differ trice of their oppofite angles \ 
Tan.; half- difference, or half Jam of the viftieat 
angles ; . according as the perpendicular, on the 
third fide, falls within or without. 
This follows from the prefent prop, and cor* 
trop. xxxii. 

PROP. XXXVII. 

As cof. half f urn of two" angles, a, abf ; 
Cof. half their difference : : 
* Tan. half the included fide a6 : 
Tan. half f urn of the oppqfite fides, af, bf. 

Suppofing as in the laft prop, then by 

Prop. 31, cot. Iqj. cot. f q : : tan. \p : tan. \p % 

' 33> tan * ip : tan » x r : : tan « f * : tan. f p* 

34, (in. cl : fin.j : ; tan. fa :' tan* Jr. 

\ 
i - 

But (by Sch. Prop. 11 B. 1) f fin. qj< cot. f<^= 

cof. f q^ and f fin. j x cot. \ q = cof. f y, therefore 
by compounding, 

Cof. fo^: cof. \q :: tan . la : tan • fp. 

O r cof. f<^: cof. fj :: tan- fa : tan. |p; 
i_ 

But when the perdendicular falls without, in- 
ftead of the third proportion, put this (by Cor. Prop, 
xxxiv) fin. <*.: fin. q : : tan. \r : tan. |a. Whence 
at laft you will have this, 

.-: Cof. io^ \ cof. \q : : tan. \r : tan. f p. 

Con i. Sine half fum of two angles, a, abf : 
Sine of half their difference : : 
* • Tan. half the included fide', ab : 

Tan. half difference of the oppofite fides, af, bf. 

For by varying the terms of the foregoing pro- 
portions, ic will be, 

tan. 



m 

FIG. 



41 



I 

/ 
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tan, f q^: tan.f ; : : can. f p : tan.f £, 
tan. fp : tan.fr :: tan, fit : tan.$^, 
fin. q_ : fin. q : : tan. fit : tan. \ r. 

* ■ 
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FIG. 
4*- 



But (by, Sch. Prop, n Book i) {fin.Q^x tan. iojz 
fin/ i Qj, and f fin. q xtan. f j = fin.* i q, therefore by 
compounding, fin. f q^; fin. f q : : tan. f R : tan. \p. 

If the perpendicular fall without, inftcad of the 
third proportion put this (by Cor. Prop, xxxiv) 
fin. q^: fin. q : : tan. f r : tan. f it, which will give this 
proportion, fin. J q^: fin.f j ;: tan.fr : tan.f^. 

Cor. a. Cof. i/um of the angles at the bafe, a, abf : 
Cof. half their difference : : 
Tax* half diff. opppfite fides t af, bf : 
fan. half diff. or half fum* of the fegmtnts of the 
bafe ; according as the perpendicular falls within 
or without, 
, This follows from the prefent prop, and Cor. I 
Prop, xxxiii. 

PROP. XXXVIII. 

A}, In any Jpherical triangle afb $ the reSangU of the 

fines of any two fides x cof included angle + the reff- 

angle of their cofsnes x radius zz cof of the third fide 

X radhts fquare $ that is 9 

fin ab x fin.FB xcof.B+cofABxcofTB xr*d*z: 

(Of AF X TO&. 

Let i=:fin.AB, jwzrcof.AB, x = fin.B. 

£=:fiii.FB> *ncof. fb, izzcof.*, rncot.B. 

r=rad. p^rrm + tto. 

By Prop. i. i, n\b'.\r '. can. fb : : cot. rs : r 

2 : (by Prop, xxvni) c : tan. ax s — • And by 
Sch. Prop. i. i, fiac of bi = 21, tad cof. at = 
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TL , and by Cor. Pr. 6. i, cof. ai = ±±SE, » I O. 
j> l> 4*, 

but by Cor. a Prop, xxvm, TL : abc + ** ir : : 

J? f 

e „ _ abc + «»r 

8 : col. af — r ■ , 

' ' 1 

ft 

1 Con 1 . The cofine of hug *ngk */ a Jpberiwl tri- 
angle is equal to the eofint if the Ofpqfitefide x radius 
fquare -^- the reft angle of the cofines of the including 

N fidfi X tadiusy and the whole divided by the reSanglc 
of the fines df the including fides. . . 

i?~- ~~c • — cof - A * xrr — c °£ AB X cof. fb x>. 
ror col. b v r -x '*■ 

fin. ab x un. fb 

* 

Cor* a. Cotan. Ar 
fin. ab x cof fb x rad. — fin- fb x cof. ab x cof. b 

fin. b x un. fb 

For by Prop. 6. i, fin. ai = anr - bcm t and by Cor. 

3 Prop, xxviii. i/I± : ** r .— fc » : : r : cot. a = 

»"-** r = ™-« b \ becaufc.l = 1 by Schol. 
rr£ Ar * s 

Prop. 1. !• 



Ai 1 ■ 



n^ * f-AB — fb xrr+ f.FB xcofMxverfn 
Cor. 3, r ■ r * ■ ^ ■ * ■ j 

* fin. b x fin. fb 

rr ma*, a. 

F*r fine* co£ b a r *- verf. b> therefore by Cor, 

s.cm.a^'"-**^**^ 3 , butbyPr. 

bs 

6. 1, an—bm — fin. ab — fb x r; whence the Cor; 
is evident^ 

* 

SCHO* 
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« 

SCHOLltJM. > 

FIG; /If the angle abf, or cither fide, be greater than a 
4** right angle, then its cofine c will be negative. 

PROP. XXXIX. 

4$- The r eft ] angles of the fines of two angles x cofine of 
the included fide divided by radius fqu are — the reB- 
angle of their cofines divided by radius, is equal to the 
<ofine of the third angle. 
# . „ • fin. a x fin. b x cof. ai cof. a x cof. b * 

rr r 

* iof.t. 

Let fall the perpendicular br, and pus 

fin. a =: Vr f cof. Azzm, cot. a zz t, cof . ab — c% . 

fih. b zz b, cof. b = n, q = v^tt + c c, rad. = r« 
Then by Pjop. xxviii, cot, abr = — , and (by 

T 

Sch. i. i) its finc = *_, and its cofine =— . And 

q bc-nr l 

by Prop. 6. i, fin. rbf z: ■■ ; and by Cor. I. 

rr be •*- nr t be — nr ^ 

xxviti, — : ZZ — -I : : m : cof. f = m = 

*££ - 2f? = ff£ - 2| becaufe 2 = i, by 
. rr r rr r r r 

Sch. I. i. 

Cor. i . The cofine of any fide is equal to the re3- 
angle of the cofines of the including angles x radius 
+ cof. oppofite angle x radius fquare, and the whole 
divided by the reSangles of the fines of the including 
angles. 

For ( or the cof. ab = mnr +>r * «*,!. 

Cor. 



Se£t.m. */ TRIGONOMETRY. 177 

n r,..„~f'BX COt.Ar , Cof.B X COt.AB FIG, 

Cor. 2. Cot: fb z= — ? +• _^. ■ » A t 

For let j = fin. ab, / rz cotan- ab,' then by Cor, 
1 Prop. 6. i, cof. rbf = '— > and by 'Cor. 4 

Prop, xxviii, - : — Z_ ; : t : cot.BF = — - — t 

q q re 

zr -I + — , becaufe Ar zz cr. Or cot. b f = 

ST. 

!^±2f£, .becaufe r ;= K, and / = £ by SchoU 
sa a s s 

Prpp. 1. 1. 

Cot. 3- to/*//, fb = .. 

r* x f. a + b — f.AX^/.BX wr/ AB 
.fin, "a x fin.AB. 
For let t> =1 yerf. ab = r — c, and c = r — v, 

then cotan. fb = y *" + "*' = rhm + "» - *»* 



Jtf J* * 



but (by Prop. 5.1 ) *»£+ *» zr r x fin., a + b, whence 



PROP. XL. 

Z*/ *, j, £, ^>, /, </ ^ the fines J r - * 
and m y c, n, i, g 3 e the cofines yf *«* m & es and W* 
fides as mark *d in the figure. And , 

bbzz%& — aa — mm — nn. 

and kk = 1 — ibpp~ \ — aadd. 
Radius zz 1 . Then 

Sin, y / , - & - Km + am 

bim—ien kk 



N For 
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F TG. For i. bif — ngzzm, by Prop, xxxix, 

47. 2. aef— mgzz n> by Prop, xxxix, 

„ n pe — Jig _ _ _> 

3* t = - — ir-^v By Cor. 2 Pr. xxxvin- 

■* d f . .. 

For by Pr. i, 1, — = cotan. b. From the two 

n 

firft equations g = fc^ = ^=^> whence *> 

— m~ aefn — nn> and/ — — *-• 

J bim — aen 

Again, by the third equation, Jnf=bpe—bjig = 
cde — bdlg, becaufe (by Prop, xxix) bp — aJ\ 

and »/=: m — % ; whence £ = — 7— * 

and aen — fn* = b % i*f — bim, whence 

-. aen + bim aen + bim , r .._- .. 

/- » Ti,-. = HIT J becaufe » := 1 — #>. 

n +bbti 1 — Wfp 

Gor. 1. Gy. f = rr — •< 

kk bim— aen 

For, by the i ft and 3 d equations, / = 2£jl^ = 

bi 

se — ■ &V 

— , and nng + mn = aebi — bbiigi whence 

aebi — mn __ * ^W — mn 

nn + bbii 1 — bbpp * 
Again, by the i ft and 2* equations, 

/= f 1 ; n % zz 7 LZJH& > and aem + aeng = £in 4- W^j 



Cor. 



PROP. XLI. 

Suppqfe as in the lafi Prop, and let 
11= dd — pp = ii — *ty 
tt = i — bbppzz i — aadd, 
Radius =: i • Then 

. r // _ mid + pen 

Stne of ab =: — rj * — • 

J mid — pen tt 

For i. pns + ci zz e y by Prop, xxxvur, 

2. mis + cezz $ $ by Prop, xxxvin, 

i _ £01 + anc 

3. by c 0I \ 2 Pr. xxxix. 

as J 

By the two firfl equations, c — . * ■■ =: =— 

and ** — pens zz « — iWj, and imds — ^ w = it — 



ee, whence s 



dim — p en 

N 2 Alfo 



47- 
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Cor. 2. Cotan. 1 = fflzjjg = 'xf.gA-ix C « F , G . 

00 eo/.iA — ^.2B 

For multiplying the i ft equation by », and the 2 d 
by *», we have mn zz &»/ — »»£ zr *<?/}» — iwwf , and 

m % — n % .g = <**/» — #* ./, and 

£ aem — bin 2aem — ibin , .. _ 

T = — ; J IE TT- i but ( b y Pfop. 2, 1) 

/ i»* — »* 2b — 2a 1 - w r ' 

2<?i» = fin. 2a, and 2bn zz fin. 2B, alfo 2aa zz verf. 2a, 

and '2b % zz verf. 2B, and abb — 2*0 =: verf. 2B — verf. 

ia = cof. 2a — cof. 2b, and £* — <** = w* — »*, for 

M + « t = i=« t + 4 1 * 

Scholium. 

Any of the quantities a, b, p, d, or m, n % i,e, 
may be expunged by help of the equation bp = ai 9 
or the tangents or cotangents fubftituted for them. 



47< 
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F I<5. Alfo "by the third equation asi^z pbm + pnac zz 
47. (fipce a d zz bp) aim + pna c , that is, si zz dm +pnc> 

whence czz 'IztJH = izJOl, and «» — Va» = 

. . , pen + <//#* ftn + dim 

pen -p n s, whence s = IL—jj- - — _ . 

Cor. 1. Co/, ab = ±Z*!* = PJl=±2. 

tt pen — dim 

For by i ft and 3' equation*, j = fZ^= dm+c ^\ 

pn i 

and ei — c? — pndm + pVf,, whence 

• ei — pdmn __ ** — pdmn 

i x +p*n v ~ 1 — bbpp 

Alfo, by the i ft and 2 d equations, * 

, and mde — mdci—pni-—pnec> 



47« 



s~ 



e — ct t — ce 



pn wd 

1 dem — pin 

whence c~ £-. 

dim — pen 

Cor. 2. Co tan. abzi 
med — pin _ wxfin, 2af — »xJuk2BF 

//~ ' Vtf/. 2BF — tt?/. 2AF« 

For multiplying the i ft equation by /, and the 2* 
by *, we hav^ pnsi + m :r # ^ fndse + cee y and 
*# — cee zz j»dfej — />hjj, whence 
1 _ ^-j>/« _ *»ed-.ipin _. but T, y Pf0pt a> 
j */ — ££ idd — - 2$p 

1, 2^izz fin.aAF, and 2^>/ == fin* 2bf, and add rr 
verf. 2af, and 2p* ~ verf.'dBF, and 2dW-— 2/>p = 
verf. 2af — verf, 2be .= coC 2BF — cof. 2af. 



Scho- 






\ 
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' c TIG. 

Scholium. 4 - ; 

Any of the quantises a> d, b, p ; or m, e> i> n, 
majr be exterminated by help of the equation ad~ 
hp\ or the tangents or cotangents fubftituted inftead * 
of them. 

PROP. XLII. 

In any fyherical triangle, abf, 46^ 

, As rettangle of the Jims of the fides, ab, fb : 

Radius Square- 11 . ' 

Verf bafe — verf difference of the fides 1 • - ' 

Verf included angle b : : 

Cof difference of the fides — cof. bafe : 

Verf. included angle b : : 

As fine of one fide : 

To cof ec ant of the other. 

Let a = f. ab, m = cof. ab, c zz cof. b, v — verf. ?• 
£ — f. fb, »:zcof. fb, <i:z: cof. af, rad.^zr. 

Then (by Cor. 2 Prop, xxxvm ) 

— — A ^abr — drr + mnr . h f / . 
zz c rr r — v, and v ~ - * ouc t D y, 

^^ ___ 

Car. 1 Prop. 6, 1.) ab + mn ~ r x cof. ab — fb. 

„ r rr x cof. ab — f b — drr 

Therefore v zz ■ — : ■ — 

ab . 



verf. af — verf. ab — fb t ^ f _ 
X rr. L-altty, 1. fb — 

ab 



rr 



and f. ab x f. fb : rr : : f. ab x «— 

cofec. ?B coicc 

' : rr :: s.aB : cofec. fb. 



rr 

FB 



Cor. 1. Reft angle of the fines of the fides : 
f halffum xf halfdiff. of the bafe and diff. fides : : 
And verf. fum of the fides — verf. their difference : 
Mr/* tef* — ver f* difference of the fides : : 
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Y i g. And cof difference — cof. fum of the fides : 

46. Q/- &$• fid** — co f baft • • 

So twice radius : 

Verf included angle > b. . . 

For lee the greater fide ab = a, lefler bf zz e, 

bafe AYZzb, a + ez=.z, a — e zn d, v — verf. b. 

Then by this Prop* f. ax^t : verf*£— verf. dxrtz 



r : v. But (by Cor. 3 Pr. 3, 1) f rx vcrf.J— verf.i 
zz fid x fin- » and (by Cor. 2 Prop. 3, 1) 



fin. a x fin. *zz f r x c °f ^ — cof. z. Whence you have 
thefe two proportions, 

fin. a x fin. e : fin. X fin. ~ t : ir : v. 

2 2 

And verf. 2 — verf..*/ ; verf. b — verf. d :: 2r 1 v. 

And the diff. of the verfed fines is zz difF. cofines. 

Cor. 2. Reftangle of the fines of the fides ; 
Radius fquare : : 

Verf fum of the fides — verf. bafe : 
Vtrf'faP* °f *k e included angle b. 

For (by Cor. 1) 

Verf. 2 — verf. d : verf. b — verf. d : : 2r : v. 
And by divifion, 

Verf. 2 — verf. d : verf. 2— verf. b : : 2r : 2r — v. 
Or verf. 2— verf. d : 2r : : verf. 2— verf. b : 2r— v. 

And ver * g "~ ver ' xnrri: verf.2 — verf.£:2r— ■ v. 

that is (by Cor. 2 Prop. 3, 1) fin. * x fin. e : rr : : 
verf. 2 : — verf. b : 2r — ?>, the verf. fup. b, and the 
difF. verfed fines zz difF. cofines. Whence, 

Cor. 3. Verf fum of the fides — verf. diff. fides : J 
Verf fum fides — verf. bafe : : 1 

Twice radius : 

Verf Ju p piemen t of the included angle B. 
: Cor. 
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Cor, 4.. As nff angle if the fines of the fides : F I G. 

Radius fquare : : ♦ f 6 - 

Or arfum of the fines* diff. fines* of \fum and \ diff. 
R adius fquare ; : [fide s : 

- So f\bafe + i diff. fides X f f bafe~i diff. fides : 

Sine fquare of half the inc luded angle : ; 
* Sof. {f urn of the 3 fides x /. ifurn 3 fides — bafe : 
Cofine fquare of half the included angle B. 
' Lctv = fup.B, j=-fin.fB, frrcof.fB. The reft 

as before, then (by Prop, 2, 1) v = -A . and V = 

£££, and by. Prop. 4, 1) I!lHz^ c i^ X r = ■ . 

fl^ij Xfin.^ and ^f^-vcrf,* xr =fin ;«+» 

2 2 2 * 2' 

x fin.- , and (by Cor. 2 Prop. 4, 1) f. * x f. f 

2 ^ 

= f.i±i + f.L=-f xf.i±i -r.l=i = 

2 2, ' 2 a 

f- £ 2 + 1". U X »• i * — f- £<<• Now by this Prop. 
fin. a x fin. if ; rr : : verf. £ — verf. d : v or — : : 

vcr f. 3 — verf. J f Qr f|m M^ x fi|U ^ M/# ' 

2 22 

^-i-^-L^ z—>-b 
Again, a+e+b=z+b, and ^ ^ — £:= » 

.22 

and by Cor. 2, Tin. x fin. e : rr : : verf. 2— verf. b:v 
m *cc .. ^rf.z^v^.b ^^ rf z±b^ f z^b 

2 2 - a 

ice. Hence alfo, fince d == *— *, 

Cor. 5. -A re ff angle of the fines of the fides : 

Radius fquare : : 
<?*/: '!-/*» of 3 fides — one fide, f \ fum — other fide : 

&'»* /jk* r* 0/ half t he included angle . 
Or f bafe+dif. fidc S x , ^ bafe+dif. tides^^ fides . 

.2 2 

- Sine fquare of half the included angle. 

N 4 Cor. 



\ 
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TIG: Cor. 6. Frm half the fum of fhe three fides, JubtraSt % 
46; the bafe, and two fides Jeparately ; then 

As J. batfjum of the three fides xjfirfi difference : 

Reilangle of the fines of the 2* and f differences : ; 

So radius Jquare : 

Tan. Square of half the included angle. 

For by Cor. 4. fin. 1±* x fin.^l£ : fin.Ltix 
. 2 2 2 

fin. ^~^ : : (cc : jj : :) fr : tan. fquare of half the 

2 
angle, by Prop. 1, 1. 

Scholium, 

Any of thefe compound proportions may cafily 
be refolved into two fimple ones. For example, in 

, • Cor. 4, fay, fin. a : r : : fin. h ^L : to the fine of a 

2 

fourth p. And fin. e : r : : fin. — - : Qj then p x O. 

2 

zi ss required. * And the fame may be done for the 
next prop, and its corollaries. 

PROP. XLIII. 

4^; In any/pherical triangle, 

As reff angle of the fines of two angles, a, b : 

Radius fquare : : 
Verf fum of the including angles — verf.fup. 3 d angle i 

Verf. included fide : : 
And Jo verf. third angle — - verf. /up. fum of the in* 
- Verf included fide : : [eluding angles : 

Andfo coj.diff. of the including angles + cof 3 d angle : 
Verfjup. in elude (I fide : : 
• / t Andfo verf.fup. 3 d angle — verf. diff. including angles : 
Verf. Jup. included fide : : 
Andfo verf.fup. diff. including angles — verf. jangle : 
Verf Jup. included fide, ab. 

10 For 



Sca.m; */ TRIGONOMETRY. 185 

« For let b be the greater angle, a the leffer, ab pj q^ 
the included fide, and put 4a. 

a = fin; a, fn zz cof. a, c zz cof. ab, v zz verf. ab, 
^zzfin.B, n = cof. b, J =z cof f, vz: verf. fup. ab. 

Then (by Cof. 1 Pr. xxxix) mnr * drr = c zz 

v J ab 

abr — mnr — *frr 
r — v, therefore v — — ; but (by 

ab 



mn- — a b _ 



Cor. 1 Pr. 5* 1) : — == cof. a + bzz (by Sch. 

r 

1, 1 ) r — verf. a + b = verf. fup. a + b — r, 
aod d — r — v erf. f = verf. fup. f — r, whence 

_ verf. a + b — verf. fup. f ^ 

v zz 1 \ ■ r rr 

ab 
verf. f — verf. fup. a + b 

ZZ — TV. 

ab 

a v _ abr + mnr + drr *> fc ,, 
Agafn, v = r + c zz ! — : . But (by 

ab 

r* Ti/r \ ab + mn _ r ■ 

Cor. 1, Pr. 6, 1 ) — ! = cof. b — a =r — 



****** 



verf. b — a r: verf. fup. b — a — r. Therefore 

„ COf. B A + CO& F , » ' 





verf. 


fup. 


ab 

F 


verf. 




«.« » 


B A 




verf. 


fup. 


B 


- A- — 


■ verf. f 



rr 



ab "' 

s 
I • 

Cor. 1. 'As verf. fum of two angles — verf diff. : 

To twice radius : : 
Of as cof. difference of '4 we angles — cof fum : 

To twice radius : : 
So verf fum of the including angles — verf fup. third 

Verf included fide :: , , {angle : 
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F I G. So verf. third angle — verf. fup. fum Of the including 
42. , Verf: included fide : : {angles : 

Andfo cof. diff. including angles + cof third angle : 

Verf. fup. included fide : : 
Andfo verf. fup. third angle — verf diff. including an- 
' Perf-foP* included fide : : [gles : 

And fo verf fup. diff. incl. angles — verf third angle : 
Verf. fup. included fide., ab. 

For (by Cor. 2, Pr. 3. 1) fin. a x fin. • s= 



cof. B 



a — cof. b + a , ^ _ 



y e rf.B + A-verf.B-A x ^ And ^ ^ rcft 

follows from this prop. 

Cor. 2. As reft angle of the fines of two angles, a, b : 

Radius fquare : : 
So fine \Jum of the including *-s+lfup.3*£- 

. xfine \fum including l~s — I fup. 3 d £- : 

Sine fquare of half the included fi de : : 

And fo fine half fum of : 3 d ^ , and fup. fum inch t~s 

X }?»* f /A«r <#/f. : 
Sine fquare of half the included fide : : 
&/»tf iyip. 3 d ^ + i A/. i»*/. /- s 

xfine \fup. tft. — I diff. inch L-s\ 
Cof fquare of half the included fide : : 
So fine {fup. diff. incl. I- s + I the 3 d JL ' 

X fine I fup. diff. incl. L- s — \ the 3 d L : 
Cof. fquare of half the included fide > ab. 

For fince the diff. cof. =: d iff. ve rfcd fines, there- 

r /u n r> > verf. B + A — ver/. fup.F 
fore (by Cor. 1 Pr. 3, 1) . - — «*— * r 



= fine » + * + <""*' x fine *>•+*-%■' 



And 



i 
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And verf *' y — ver f- fop- B + A _ TIG, 

5 - XT- ^ 1# 

fin. F + fup * B ~ x fin. lZl£EiL±J. 



^verf fup.F-verf.B-A^,,,, 

a 

fin> fUp.T + B-A ^fup.F+A-1 



2 2 



And 



vcrf. fup. b — a ■ — verf. f / 

r-E x r = . ] 



r filD. B A + F r fup. B A F 

fin. *~* J— x fin, —I- — ■ 



And (by Pr. 2, 1) vcrf. ab x I r = fine fquarc 
of |ab, and vcrf/ fup. ab x |r - cof. fquare 
of i ab, then all the reft follows from the prefenc 
prop. 

Cor. 3. Re El angle of the fines of two angles, a, b : 

Radius fquare : : 
Or fum of the fines x diff. fines, of \Jum, and f diff. 

Radius fquare : : [angles : 

So cof. \fum x cof I diff. of the 3 d Land fum incl. an- 

Sine fquare of half the included fide : : [git* • 

So cof \ fum x ^/. I ^(^. <?/ 3 d ^ 9 *»</ *#^« /W. *»- 

Cofi fquarc of Jfalf the included fide, ab. [g/w : 

For (by Cor. 2 Pr. 4, 1) fin. a x fin.B = fin.P. A 

2 

+ fin,JIixfin. — J~ — - fin. * ; and 



fin. 
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PIG. fin# » + A+ito"' xfi „, , + A -,go + , = 

4** 2 2 

fin. qo + _L x fin 1 OO = 

2 -2* * 

conInA=i x cof. 180 - B+A + F = 

2 2 

cof. F - A ~ B x cof. l±±±±' 



Again, 

fin. I8Q-F + B-A x fim I8Q-F + A-B 

2 2 

•- r=fm. 9 o- F + A ^ 1 !xfin.90- F + B - A 

2 2 

= cof. F ~ B + A x cof. F + B ~ A . The reft fol- 

2 2 

lows from Cor, 2. 

G?r. 4. From half the fum of the three angles, 
fubtraft each angle, at the bafe feparately, and then 
the third angle. Then 

As re If angle of the cofines of the two firft differences : 
Re 51 angle of the cof. third difference and cof. \fum of 
So radius fquare : [three angles : : 

Tan. fquare of half the included fide or baje y ab. 
This follows from Cpr. 3, becaufe cof. : 4ine : : 
rad : tangenr. See fchol. Prop. xlii. 

PR O P. XLIV. 

48. V th* vertical angle f of a triangle afb be bifefted, 

it will be 9 

As twice, the cot. of the b\j effing line fi : 
Sum of the cotangents of the fides af, bf : : 
Radius : 
Cof, half the vertical angle f . 

Produce 
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Produce fa, fri, fb to quadratics, and to the FIG, 
pole f drawthe grtat circle ltr, and produce ba 48* 
to iriterfeft it rn r. And let tan. At=r-£, tan, it 
= c, tan. Bt = d, fin. rt r:^, cof. 4 * — *• Then 
the angles at s, t, l are right.- And by Con * 

Prop, xxvn, r : £ : : jf : -Z « fin; rs* AncJ c\ d\\ 

' c 

y : 2f = fm. rl. And fince st =? nx j therefore ,(h(y 

Prop. 3, 1 ) tyf^ r = a* x* : w -£*- x r *= ax, 
that is, 2«f;=r b + rf.JC** 

Cor. ,/fo twite radius t '. \ 

Tan. bife/ttng archil 
Sum of the cotan* fides : 
Cof. half the vertical angle f. 

1 

P RO P. XLV. 

If an arch he drawn, frofn the vertex to the middle 48. 
of the hafe of a triangle \ then* the fines of the vertical 
angles are reciprocally at the fines of ibt fides, and di- . 
re Sly as the fines of the angles at the hafe 4 

For (by Cor. 1 Prop, xxix) fin. am x fin. af 
z: fin. bfi x fin. bf, becaufe ai = bi. Therefore 
fin. afi : fin. bfi : :'fin. bf : fin* af : : (by Pr. xxix) 
. fin. a : fin. b. 

prop. x;lvi. 

As one right angle : 4*. 

To the angle intercepted between two-great rinks : : 
So the area of a great circle of tbefphere : 
Lnnnlar area coAtaimd between thefe great circles. 

- Lee 
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YiQ Let ABC > adc be the two great circles; bdf 

>4q. * S rca f circle, whofe poles are a and c. Divide the 
circle bdf into an infinite number of -equal parts, 
through all which draw great circles palling through 
a and c, which will divide the fur face of the fphere 
into the fame number of equal parts, fimilar and 
equal to one another; fince their bafes (in the circle 
bf) and fides are all equal. Therefore as the num- 
ber of the parts in the whole circumference, to the 
number of parts in bd, that is, as the Whole cir- 
. Cumfcrence, to the arch bd : : fo the fur face of the 
fphere, to the area abcda ; or, as 4 right angles : 
angle bad : : furface of the fphere : area abcda. 
But (by geometry) the furface of the fphere = 4 
great circles. Therefore as 4 right angles : angle 
bad : : 4 great 1 circles : area abcda ; or as one 
right angle : ope great circle : : angle bad : area 
abcda. 

Cor. As 4 right angles : 

Intercepted angle bad : ; 
So furface of the fphere : 

Surface intercepted between thefe two great circles : : 
. And fo folidity of the fphere : 

Solidity contained between thefe great circles. 

For the folidities are as the furfaces, becaufe they 
may be refolved into pyramids of equal height- 

PROP. XLVII. 

50* In any fjpberical triangle, o ; 

As two right angles : 

Excefs of the three angles above two right angles : : 
Area of a great circle of the fphere : 
Area of the triangle. 

Produce all the fides to femicircles, then the op- 
. pofitc angles arc equal (by Cor. 1 Prop, iv) \ and 

to 
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(by Prop, ix) triangle h = triangle c, alfo half FIG* 
the furface of the fphere = c + r -f s + t i let 50. 
a, by c be the three angles, then (by Cor* Prop. 
XL vi ), 

180 : a : : f furface fphere : g -f- r» 

180 : b : : f furface fphere : g + s; 

180 : c : : £ furface fphere : h + t or g +t, . 
therefore 180 : a + b -}- c : : \ furface fphere : 30 ■+- 
r + s + t, and by divifion, 180 : a + b + c — - 
180 : : 4. furface fphere : 2G : : Jfarface fphere, or 
the area of a great circle : g. 

Cor. 1. As 1 : S7* 2 9S7795 :: *k 3 angles — 2 
right angles : area, infquare degrees. 

For area of a great circle = 4- circumference x 
radius =: 180 x radius, and radius =: S7* 2 9S779S 
&c. 

Cor. 2. As 180 : 3 angles — 180 : : 3.1416 x 

rad. : area of the triangle. 

For 3. 141 6rr = area of the circle, whofe radius 
is r. 

Cor. 3. In any fpberic al polygon, put n zz number of 

fides* a := 1 8o° x n — 2. Then I fay, 
As o. right angles or 1 8o° : 
Sum of all the angles of the polygon^ a : : 
So the area of a great circle of the fphere : 
Area of the polygon. 

Suppofe the polygon to be divided into as many 
triangles as it has fides, by arches drawn from a 
point within it. Then fince (by this Prop.) it is in 
any one triangle, as 180 : a great circle : : fum of its 
angles — 180 : its area; therefore by compofition it 
will be, 180 : a great circle : : fum of all the angles 
internal and external — n x 180 : fum of all the areas 
of the triangles ; but the fum of the internal angles 
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p I q 9 rzjfo or 2 x r&o, therefore 180 : great cir cle t : 

fum of all the angles of the polygon —a (or n — 2 

X 1 80 : area of the triangle. 

PROP.- XLVIII. 

» . 

7 f • -5^ afpherical triangle abo if inferibed in a leffer 

circle , Jo as that the kafe: ag pafs through the pale d 
vf thai circle ; ihen the angle at the vertex abg will 
be equal to tbefm of the angles at the bafe a, g \ and 
the contrary. ... 

For .draw bd to the pole d. Then fince ad, 
db, dg are all equal, the angle a zz abd, and 
the L. g 3: dbg j and therefore the fum a + g^= 
abo* 

And if the Z-bita+g, then ad = db=.dg. 

> For if db be greater or leffer than ad or dg, then 

a will be greater or leffer than abd, and g greater 

or leffer than dbg ; and therefore a + g accordingly 

.greater or leffer than abg. 

• • 

PROP. XLIX. 

7** If the fum of the two fides ( ab, bg) of the fpherical 

triangle abg,- be a femicircle* and the included angle »b 
be btfeSed ; the oppojite fide ag will alfo be bifetted> 
and the bifefting arch bd will be a quadrant. 

For produce ba, bd, bg to e, then be is a femi- 
•circle = ab + bg ; and egzzab. Alfo angle abd 
rr dbg .;= deg (hy Prop, v), and JL bad zz eqd 
;(-by Prop, xvi) ; and the alternate .angles bda and 
iand edo are equal ; therefore in the two triangles 
:3ad, and egd, all the angles are refpe&ively equal; 
rwhence,(by Prop, *i) *& zz do, and sd = pe, half 
:% femicircle. 

PROP. 



J 
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P R O P. L» 

If from the vertex of any fpberical triangle a bo, F I Car* 
two arches, bd, be he drawn to cut the bafe ac, mak+ 73* 
ing the angles abd, gbe equal \ it will be, 

As fquare of the fine of ab : 

To fquare of the fine 0/BG : : 

So reEt angle of the fines of ad, ae : 

To reSiangle of the fines of ge, od. 

For fincc the JL ,abd zi gbe, therefore abe = 
dbg. And (by Cor. 1 Prop, xxix) 

fin. ab x Hn. abd : fin. bg x fin, dbg or abb :: 
fin. ad : fin* do. 

And fin. ab x fin. abe : fin. bg x Hn. eeg or abd 
: : fin. ae : fin. eg* Therefore 

fin.AB : fin. bg : : fm.ADxfin.AE : fin.DGxfin.EG. 

PROP. LI. 

In any fpherical triangle abg, */ two angles a, g 74^ 
he bifeSed by the arches ad, gjd -, and if an arch bde 
he drawn from the third angle b, to the point of con- 
tourfe d, // will alfo bifeft that angle. 

For (by Cor. 2 Prop, xxix) fin. bb : fin. de : : 
fin^BG : fin. ge : : fin. ba : fin. ae j and alterhately 
fin. bg : fin. ba : : fin. ge : fin. ae : : fin. bg x fin. gbe 
: fin. ba x fin. abe (by Cor* 1 ib), therefore A gbe 
= abe. 

Cor. Hence, three arches bifefting the three angles 
of afpherical triangle, interfeS each other in one point* 
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P R O P. LII. 

FIG. l n an y fpbcrical triangle abg, if two arches ic, gf 

7 + . be drawn from two angles a, c, to bifeS the oppofite 

fides bg, ab \ then the arch bde, drawn from the third 

angle b through the pint ofconcourfe d, will alp bifeft 

the third fide ag. 

For by Prop^xxix and Cor. i 9 wc fhall have 

fin. ag x fin. agd n fin. ad x fin. adf z= fin. kd x 
fin. bdf, becaufe af =: fb. Alfo 

fin. ag x fin. gad = fin. gd x fin. gdc = fin. id x 
fin. bdc, fince bc = gc. Therefore 

fin. gad : fin. agd :: fin. bdc or fin. ade : fin. bdf 
or gde. 

But fin.AE : fin. eg :: fin.AD xfin. adi : fin.GDX 
fin. gde : : fin. ad x fin. gad\: fin. gd x fin. agd. 
But in the triangle ado, fin. ad x fin. gad = fin.GD 
X fin. agd ; therefore ae rz eg. 

Cor. Three arches drawn from the three angles of a 
Jpherical triangle to bifeft the off ofite fides, will meet 
in one point* 

PROP. LIIL 

75. In any Jfherical triangle abg, // three arches be 
trefted perpendicularly ufon the middle of the three 
fides 1 they will interjeft in one point. 

Let cd, fd be two perps. draw gd, fd, ad ; 
then in the right-angled triangles cdg, cdb ; ec — 
cg, and cd common ; therefore gd r: db. Alfo in 
the right-angled triangles bdf, adf, %e have bf = 
af, and' fd common ; therefore ad z db = gd. 
Therefore the triangle adg is ifofceles, and there- 
fore the arch de, which bifefts the bafe ag, is per- 
pendicular to it* 

PROP. 
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PROP. LIV; 

In any Jpherical triangle asg, // two arches be FIG. 
drawn from two angles a> g, perpendicular to the op- 76; 
f fit e fides gb, ab \ and if the arch BDfc fo drawn 
from the third angle b through the point of interfeStion 
t>> it will be perpendicular to the third fide AG, 

The ratio of fin. ad to fin. ps is compounded of 
fin. ad to fin* Dc s fin. dc : to fin. db, and fin. db to 
(ui.DE. And by Prop, xxix Cor. 1, in the trian- 
gles AGO, CBD, BGB, It is> 

f. Ad : f. dc : : f. ag x f ago : f. cg x f. cod, and 
f. dc : f. db : : f. cbd : radius 1. 

f. db : Cdjli: f. bg x f. bgd : f. eg x f. egd, 
and throwing out the equal ratios f. bgd, f. cgd> 
andf. agDj f. BGDj then 

f. ad : f.DE : : f.Acxf. Box Ccbd : f. CGxf.EG. 

But in the triangle bge, f. bg x f# cbd or X o» 

X ^GB£ =Z f. GE X f. GED« 

Therefore f. ad : f. de : : f. ao x f. : OE x f ced : 
f. cg x f. bo : : f ag x f. oed : f. CG. 

But f. ag : f. cg : : 1 rad. : f. cag, in the tri- 
angle acg 1 therefore f. ad : f. de : : f. ged : 

f. CAG 6r EAD. 

But in the triangle ade ; f. ad : f. de : : f. aed : 
f. ead. 

Therefore f. ged : f, ead : : f. aed : f. bad, or 
f. ged : f. aed : : £ ead : Cead', thertfore ged rr Alii, 
or bde perpend, tor ag: 

* Cor. Three perpendiculars let fall from the thret 
angles to the oppofite fides, alt meet in one point* ' 



O 2 PROP. 
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PROP- LV. 

FIG. In the right- angled fpherical triangle abg ; if from 
11* the right angle abg, two arches bd, be, be drawn, 
making equal angles with the fide ba 5 then will fin. go 
: fin. ge : : fin. ad : fin. ae. 

For fince the L. abg is right, and ebazzabd* 
the A ebg + dbg = 2 right angles, or EBGzrfup.. 
of dbg. Therefore in the two triangles gbd, gbe> 
it is fin. gd : fin. db : : fin. gbd or gbe : fin. g 
: : fin. ge : fin. eb, by Prop, xxix, and alternately, 
fin. gd : fin.GE : : fin. db : fin. eb : : fin. da : fin.EA* 
by Cor. 1 Prop. xxix. 

PROP. LVI. 

1%. In any triangle lmn, if any fide nm be produced, 
and the arch eoa be drawn to interfeft the three fides 
of the triangle, in the points a, o, e ; it will be, 
f. la : f. an : : f. lo x f* em : f. om x f* en. 

For in the triangle aen, fin. a : fin. en : : fin. e : 

fin. an = fin - E X fin ^ EN , an d i n the triangle lao, 

fin. a 

fin.A :fin.LO : : fin, o : fin, la = fin ' ° x fin ' LO 

fin. a 

Therefore fin. la : fin. an : : fin. lo x fin. o : fin. en 

X fin. e : : fin. lo x fin* em ; fin; sn x fin. om, in 

the triangle oem. 



PROP, 
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PROP. LVH. 

If an arch xoa be drawn to interject the three fides FIG. 
cf a triangle lmn in the points a, o, e ; any fide 78 
thereof being produced ■, then will 

f. nl : f. na : : f, lm x £ eo : f. ae x f> om. 

For in the triangle nlm; fin. n : fin. lm :i fin. m 

■ : fin. nl = fl °- LMxf '."; M . And in the triangle 

fin. n 

r r r r _ fin. AE X fin.E 

AENi un.N;fin.AE :: fin.E : fin.AN , — = . 

fin. n 
Whence fin. nl : fin. an : : fin. lm x fin. m : fin. ak ' 
x fin. £ : : fin. lm x fin. eo : fin. ae x fin. om j bs 
caufe fin. m : fin. e : : fin. eo : fin. om, in the tri- 
angle OEM. 



o 3 
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SECT. IV. 

the folution of all the cafes of fpberical triangles. 



FIG. % help of the propofitions delivered in the laft 
fedion, all the cafes of fphcrical triangles may be 
refolved. 1 (hall give the canons for the folution 
of each cafe in particular, both in right-angled tri- 
angles, and in oblique triangles; after I have (hewn, 
io general, how they all may be refolved by the fore- 
going propofitions. 

Every triangle has fix parts, and any three being 
given, the reft may be found. 

The folution of right-angled triangles. 

All the cafes of right-angled and quadrantal tri- 
angles may b« refolved by the xxvith and xxvuth 
. propofitions j or by Prop, xxvin alone. 

i. 

The folution of any cafe may be performed by the 
* xxvith or xxvuth Prop, one of the two ; either im- 
mediately io the triangle itfelf, or elfe in another 
right-angled triangle, formed by producing all its 
fides to quadrants $ wherein the parts of the triangle 
are either the fame, or the complements of thofe in 
4.x, the firft. Thus let abf be the propofed triangle ; 
produce the fides either through a or f, fo that 
ac, ad, be, and confequently ce, may be quadrants. 
Then you have two right-angled triangles, abf, 
edf. In the figure abcdef, mark what is given, 
and its complement, with a dafh (/^, and what is 
. N fought, and its complement, with a cypher (o). 
Then examine the two right-angled triangles abf, 
£1F j and obferve in which of them, an angle and 

io , the 
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the hypothenufe^ cr an angle and its.oppvfite Jide> do FIG. 
not enter the queftion, (for there are always two 41. 
parts out of the queftion) ; and that triangle will 
afford the folution, by applying Prop, xxvn in the 
former cafe, and Prop, xxvi in the latter. If any 
fide be greater than a quadrant^ then a quadrant 
mud be cut off, and the fame rule applied* 

If the folution is neither found in abf nor edf ; % 

produce the fides from, thro' a and b to quadrants 
as before, to find a third triangle, and then the folu- 
tion wiU be found in this new complemental triangle. 

Qiyadrantal triangles may be refolved by the fame 
ptopofitions, if you reduce them to right-angled tri- 
angles, by producing their oblique fides to quadrants, 
or cutting off a quadrant if they be bigger. As in 
the quadrantal triangle ape, produce af, ef to qua- 
drants, as ad, eb, and draw ab. ed round the poles 
e, a ; then you will have two right-angled triangles 
abf, edf, to be refolved by the former rule. Take 
an example or two for right-angled triangles. 

Let the hypothenufe af and an angle f be given, 51. ' 
and the oppofite fide ab required. 1 mark af, f as 
given, and ab as fought; then fioce there is an angle 
a and its oppofite fide fb out of the queftion, there- 
fore I need produce the fiJes no further, for I have 
the folution in the triangle abf, by Prop, xxvi, as 
rad. :.fin. af : : fin. f : fin. ab required. , 

Ex. 2. 
Let the hyp. af, angle a be given ; to find the 41. 
other angle f. I produce the fides through f, and . 
mark af, fd, a, dc, ed as given j and f as fought. 
Then I fee, that in the triangle efd, the angle s and l 

hypothenufe ef are not marked, and therefore by 
Prop, xxvn, -fin. fd : rad. : : tan. eS : tan. angle f; 
that is, cof. af :.rad. : : cotan. a : tan. f required. 

O 4 II. Right- 
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FIG. 

II. 

Right-angled or quadratital triangles may alfo be 
refolyed by Prop, xxvni, obferving if middle part 
be fought, to begin with radius ; and if one extreme 
be fought, to begin with the other extreme* 

Ex. i„ 

$*\ Given the hyp. af, and angle f, to find the fide 
ab j whatsis given and fought being marked as in 
, the figure. Then ab is middle part, and af, Fj ex- 
tremes disjunct, therefore rad, : cof. comp. af : : 
cof.. comp. f : fin. ab ; that is, rad. : fin. af : ; fin. v 
: fin. ab fought. 

Ex. 2. 
4i- Given the hyp. af, and an angle a, to find the 

angle f. Here af is middle part, and a, f extremes 
conjunct. Therefore tan. comp. a : rad. : : fin. 
compl. af : tan. comp. f, or cotarn a : rad. : : cof. 
af : cotan. f. 

41, In the quadrantal triangle afe, let fide af, angle 
a, be given; to find the angle f. Here af is mid- 
dle part, and a and f are extremes conjundt j there- 
fore, 

Tan. jaf : rad. : : cof. af : cotan. f. 

Laftly, the affe&ion of the angle or fide fought 
will be known by Prop, xx, and Prop, xxi and its 
corollaries ; except it be ambiguous, and then it 
may be either acute or obtufe. 

Hbe Jolution of oblique fpherical triangles. 

Oblique triangles may be refolved feveral ways, 
either by letting fall a perpendicular, or without it. 
In any triangle, mark what is given with a dafh (/)* 
and what is required with a cypher (o), to diftinguifh 
them. 

I. Oblique 
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I. 

Oblique triangles may be. rcfolved by the xules 
of right-angled triangles, together with the corol- 
laries of Prop, xxviii, with Prop, xxix, xxxn, 
xxxui ; by letting fall a perpendicular, whicheither 
divides the triangle into two right-angled triangles ; 
or makes two right-angled triangles, by adding a 
right-angled triangle to it. 

In letting fall the perpendicular, let it fall from 
the end of a given fide, and oppofite to a given 
angle $ and if the three -things given be adjoining 
to one another, let it alfo fall from the end of the 
fide required, or oppofite to the angle required; 
and then you will have enough given in one of the 
right-angled triangles, to find any of its unknown 
parts : obferving to find fuch a part (which muft be 
either a bafe or vertical angle), as either of itfelf, or 
when added to or fubtra&ed from fome part given, 
the proportion to find the thing fought may come . 
under fome of the corollaries of Prop, xxvin. 

II. 

All the cafes of oblique triangles may alfo be re- 
folved by Prop, xxvn, xxix, xxxn, and xxxin, alone, 
by letting fall a perpendicular according to th^ for- 
mer directions, when there is occafion. For the two 
laft cafes will be refolved by Prop, xxxin and xxxn, 
and all the reft by Prop, xxvn and xxix 3 and they 
are eafily remembered, for three of them are the 
fame with thofe in plain trigonometry, for refolving 
the like cafes. Only there will be more operations 
in the right-angled triangles, than if the corollaries 
of Prop, xxvin were made ufe of. 

III. 

All the cafes of oblique triangles (except the ift, 

4th, and two laft) may alfo be refolved by Prop. 

xxvin alone, by letting fall a perpendicular dividing 

the whole into two right-anglSd triangles. .In the 

firft . 
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FIG. firfl: triangle you have two things given tofind a third, 
which muft be either the bafe or vertical angle. In 
the fecond triangle you have one thing givena or at 
leaft you can find one thing, after the firft operation 
in the firft triangle is over ; and in the fecond trian- 
gle there is alfb the thing fought. Then in thefe 
two triangles you have either both the bafes, or elfe 
both the vertical angles. Therefore, from thefe, to 
find the thing required, cpmpare thefe three things in 
the fecond triangle, viz. the perpendicular, the thing 
given, $nd the thing fought, and find which is mid- 
dle part, and whether the other two be extremes con- 
junct or disjun6t, in order to know whether you muft 
ufe fines or tangents. Do the lame thing in the firft 
triangle, with the three correfponding. parts ; and 
(fetting afidc the perpendicular, which is an extreme 
in both triangles) j then the middle part and its ex- 
treme in the firft triangle, will be proportional to the 
middle part and its extreme in the fecond triangle. 
53* For example. Given fb, f and B; to find af. In the 

firft triangle bfi*, as cot an. b t rad. : : cof. fb : cotan. 
bfij then you have afi. Then in the triangle afi, the 
angle afi is middle part, and ^e, fi extremes con- 
junct. Lik;ewife in the triangle bf^jbfi is middlepart, 
and be, fi extremes conjunct. Therefore cof. bfi 
(middle part) : cof. afi (middle part) : : cotan. bf 
(extreme conjunct) : cotan. ajf (extreme conjunct.) 
' The reafon of this operation will appear thus: let 
pzz perpendicular, wzz middle patt, azz the other 
extreme, in the firft triangle j m :n rftiddle part, a =z 
extreme in the fecond triangle. ThenibyProp.xxvm, 

a u e P — m ' — M 
pa zz mr % and px — Mr, therefore , 

r r . r a * 

or m : a : : m : a. 

IV. 

Ajl oblique triangles may alfo be refolved with- 
out letting fall a perpendicular, and thefe five pro- 

pofitions, 
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pofitions, the xxix, xxxvi,, xxxvn, xl, xli, and FIG. 
their corollaries, will refolve them all. Thus, 53. 
Cafe 1 and 4 are rcfolved by Prop, xxix, Cafe 2 and 
6 by Prop. x*ix, and Cor. 1. Prop, xxxvn. Cafe 3 
and 5 by Prop, xxix, and Cor. 1 Prop, xxxvn. 
Cafe 7 by Prop, xxxvi and Cor. 1 Cafe 8 by Prop* 
xxxvi, and Cor. 1, and Prop. xxix. Cafe 9 by Prop, 
xxxvn, and Cor. 1. Cafe 10 by Prop, xxxvn and 
Cor. 1, and Prop. xxix. Cafe 11 by Prop, xlii, 
or its corollaries. Cafe 12 by Prop, xliii, or its co- 
rollaries. 

Laftly, the affe&ian of the angle or fide fought 
may be gathered from Prop, xvn, and its' corolla- . 
ries. And the falling of the perpendicular, from 
Prop, xix, and Cors. Prop. viii. 

Here follow the 16 cafes of right-angled triangles, 
and the 12 of oblique. In right-angled triangles* 
I fhajl give only the folution by the tables, omitting 
the algebraic folution > for that is very eafily had by 
putting letters inftead of the quantities, and traof- , 
.forming them by Sch. Prop, i, 1, if there is occafion. 

In oblique triangles you have both *, where note, 
that natural fines, tangents, &c. muft beufed in the 
algebraic way. I refer to the cafes in right-angled 
triangles, for the determination of the fpecies of the 
angle or fide fought, in the method of letting fall 
a perpendicular. 

The rule for working any log. proportion in 
fpherical trigonometry, is the fame as in plain tri- 
gonometry, viz. Add the logarithms of the fecond 
and third terms together •, and from the JumfubtraS the 

1°Z* °f *b e fi r ft term > an & *b* re remains the log. of 
the fourth term fought. 

Note, All proportions of fpherical triangles agree 
with plain triangles, taking the fides inftead of 
fines and tangents of the fides. But then neither 
cpfines, cotangents, cofecants, or verfed fines of the 
fides myft bp concerned. And radius cap oqly come 
in when two terms are fides. • 

Right- 
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Right-angled fpberical triangles* 

C A S E I. 

FIG. Given the bypotbenufe af, and an angle a ; to find 
S 1 * the fide adjacent ab. 

Rad. : coj. angle a : : tan. hyp. af : tan. adjacent 
fide ab. 

If the angle and hyp. (a, af) are of the fame 
affedtion, ab is lefs than a quadrant ; if of different 
affe&ion, more. 



Case II. 

5* # Given the hyp. af, and angle a ; to find the op- 
pofite fide bf. 

Rad:: fin. hyp. af : : fin. an angle a : fin. oppofitc 
fide bf. 

If the angle a be acute, bf is lefs than 90 ; if 
obtufe, more. 

Case III. 

a. Given the #yp. af, and an angle a j to find the 
other angle f. 

Jf?^. : fg/". hyp. af : : /<«*. an angle a : c0/0#. other 
angle f. 

When the hyp. and angle (af and a) are of the 
fame affeftion, f is acute j if of different affe&ion, 
obtufe. 



Case IV. 

52. Given the hyp. af, and a leg ab ; to find the ad* 
jacent angle a. 

Rad. : cat. hyp. af : : tan. a fide ab : *g/l adjacent 
angle a. 

If the hyp. and leg (ab, af) be of the fame affec- 
tion, a is acute 5 if of different affc&ion/obtufe. 

Cass 
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CaseV. 

Given the hyp. af, and one fide ab ; to, find the FIG. 
oppofite angle t. ' 52. 

Sin. hyp. af : r*<J.: : fin. one fide ab : fin. its oppo- 
fite angle f. 

If the fide (ab) is lefs than 90, 1 is acute ; if 
more than 90, obcufe. 



mm 



Case vi. 

Given the hyp. af, and a leg ab 5 to find the 52. 
•ther leg bf. 

Cof. one leg ab : cof. hyp. af : : rad* : *g£ cAi^r 
leg bf. 

If the hyp. and leg (ab, af) be of one affec- 
tion, bf is lefs than 90 \ if of different affedtion, 
more. 



Cask VII. 

Given zfide ab, and its adjacent angle a ; to find <^ 
the oppofite fide fb. 

Rad. : fin. one fide ab : : tan. adjacent angle a : tan. 
oppofite fide fb. 

If the angle (a) be acute, bf is lefs than 90 * if 
obtufe, greater. 



Case VIII. 

Given a fide ab, and its adjacent angle a j to find 51. 
the oppofite angle f. 

Rfd. : fin. an angle a : : cof. its adjacent fide ab : 
cof. its oppofite angle f. 

If the fide (ab) is lefs than 90, f is acute j if . 
more, obtufe. 

C4SI 
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C i'S E IX. 

FIG. Given a fide ab, and angle adjacent A ; to find the 

5.2». /y^. AF. 

C0/*. 00 *//g/* a : fW. : : taft. adjacent fide ab : 
/«». hyp. af. 

- If the angle and fide (A dnd ab) be of the fame 
affe&ion, af is lefs than 90; if different, more. 



' V/ A S E A« 

J2# Given zfide bf, and oppofitc angle a j to find the 

• fide adjacent ab. 

Rod. vtotan. an angle a : : tan. op. fide bf : fin. ad- 
jacent fide ab. 

Here ab is ambiguous, that is, it may be either 
lefler or greater thin 90. 

Case XL 
5 a; Given a fide SF, and oppbfite angle A ; to find 
the angle adjacent f. 

Co/, one fide bf : cof. op. angle a : '- rad. : fin, adja- 
cent angU f, ambiguous; 



■farti 



Case XII. 

52. * Given a fide bf, and 0^. angle a j to find the 
hyp. af. 

Sin. *» angle a : fin. op. fide bf : : r*</. : fin* hyp. 
af, ambiguous. 

Case XIII. 
Given the fides ab, fb, to find an afigle a. 
. - Srh. adjacent fide ab : r*«F. : : /<*#. 0/<&/r fid* Tti : 
/j#. <7/>. angle a. 
If the op£ofite fide (b*) is led thatr 90, a is 

acute 1 if more, obtufe. 

Case 
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Case XIV* 

Given the fides ab, fb ; to find the hyp. af, ^ * 

jR^i. : fi/l *»* /*£ fb : t cof. other leg ab : cof. $ % 

hyp. af. 

If the fides (ab, fb) are of one affe&ion, af is 

lefs than a quadrant j if of different affe&ion, more. 



*&j 
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Cass XV. 

i 

Given the angles a, ,f j to find a^fc bf. - 5*# 

Sin. adjacent angle f : ra/. : : cof, other angle a : 

cof. op. fide bf. 

If the oppofite angle (a) be acute, bf is lefs than 

a quadrant $ if tfbtufe, it Is greater. 



^W*h 
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Case XVI. 

Given the angles a, f 5 to find the hyp. af. 

Tan. one angle f : cotan. other angle a : : rad. : 
cof. hyp. af. 

If the angles (a, f) be of the fame affe&ion, 
af is lefs than a quadrant! if of different affe&ion, 
it is greater. 



5* 



Oblique 
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Oblique Jpherical triangles. 

Case I. 

FIG. Given two fides af, bf, and an oppofitc angle a ; 
54- to find the other oppofite angle *. 

I. Logarithmically, by the table of artificial fines, &e. 

Sin. one fide fb : fin. op. angle a : : fin. other fide 
- af : fin. its op. angle b. 

Then A + g is of the fame affeftion as AF + BF . 

— — -. 2 2 

And if ±ii be of the fame affeftion asl±J^Ei 

2 2 

then b is ambiguous. 

II. Algebraically , by the table of natural fines, &c. 

Let d = fin. af, p =: fin. bf, a = fin. a ; then fin. B 
ad 



Case II. 

■ 

54» Given two fides af, bf, and an oppofite angle 
55* a i to find the included angle f. 

I. 'Logarithmically. 

Let fall a perpendicular from f, (beyond b, fig. 
56.) Then by Cafe 3. right I- triangles, r : cof 
af : : tan. a : cot an. afi. 
And cot an. af : cof afi : : cotan. bf : cof. bfi. 

Then according as bf and angle fai are off the 
fame or different affe&ion, bfi is acute or obtufe. 

If 



j 
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If afi > bfi, then AFI —- BFI zz F \ if FIG. 

If afi + bfi < j8o, then afi -fc bfi = F^both, 54* 
then f is ambiguous. 55* 

Or thus* 
Find the angle b by Cafe i ; then 

r AFceBF r AF + BF ' . ■ „ B e» A . M + 

fin. — : fin, — : : tan. ■ : cot. 

2 2 2 

II. Algebraically. 

Let a t d, p be the fines, and m, e, i the cofines ^ 

of a, af, bf. And b = — = fin. b, n = cof. 3, 

and hbzzbb — aa — mm — nn, kk zz i—.bbpp =: 
i — aaddy rad. = I. 

cr, r bb _ bim + aen 

Then fin. f = = ' ■ ■ — r— 

bim — aen kk 

4lfo fee Cor. I, 2 Prop. xt. 



j — 



Case III. 

Given two fides af, bf, and an oppofite angle a ; 54« 
to find the third fide a*. 55' 

I. Logarithmically. 

Let fall a perp. from f, then by Cafe 1 right JL\ 
triangles, 

Rad. : cof a : : tan. af .: tan. ai. 

Then cof af : cof. ai : : cof. bf : cof bi. 

Then if bf and angle fai are of one affeftion, 
bi is lefs than a quadrant ; if of different affettion, 
more. 

p if 
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54* . If AI + BI < loO, AI + BI — AB, J 

55* A B is ambiguous. 

Or thus, 
Find the angle b by Cafe i * then , 
fin. LZ-t : fin. L±± : : tan. ILlil : /*». Jab, 



II. Algebraically. 
Let a, d y p be the fines > and m, e, i tie cqfines of 

a, af, bf, b = — = fin. b, n =: eg/", b, and 11 zz 

f 

dd — pp ~ ii — ee, tt — i — bbpp — i — aadd f 

radius zz i. Then 

11 __ mid + pen 

mm. ——wiiii ■ ■». 

tt 



fin.AB = 



mid— pen 
See alfo Cor. i, 2 Prop. xli. 



Case IV. 

54* Given two angles a, b, and an oppolitt fide bf; 
55^ to find the other oppodtefide af. 

I. Logarithmically. 

Let fall a perp. from f, then 
fin. a : fin. bf : : fin. b : fin. af # 



A is of the fame affeSion as ■■ 



If 



BF + AF , e . - jr a . BF + filD.AF 

be of the fame affeSton as ■ ■ ; ■■■ — E — > 



then af is ambiguous. 



II. Al- 
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II. Algebraically, 
Let a ~ fin. a, b zz fin. b, pzz fin. bf, 
then fin. af = £_. 



FIG, 

54* 

55- 
56. 



«*■ 



Case V. 



Given two angles A, b, and an Qppofitc^fc bf 1 



to find the included fide ab 

I. Logarithmically. 

Let fall a perp. from f, then by Cafe 1 right A ' 
triangles, rod. r tan. bf :: *gf. b : tan.ni. 

Then ii/m, b : fi/4#. a : : fin. bi : fin. ai. 

If a, b be of the fame affe£tion % ai + bi zz a*. 
If bi + ai, and bi + fup. ai be each< 180, (ai and 
confequently) ab is ambiguous. 

If a and b are of different affeffion* ai — bi — ab. 
If both ai and fup. ai be > bi, then ai arid ab 
are ambiguous. 

Or thus, 
Find af by Cafe iv ; then 

r B w A. a B + A „ AF co BF 

fin. : fin. — . L- : : tan. ■ ■■ , : tan. Jab. 



56. 



47< 



ll. Algebraically. 
Let s } S, p be the fines, iw, », j the cofines of a, b, 

bf } d zz £— =.fin..AF, t zz cof. AF, U — dd — tp 

a : ■ . 

r= « — ee, tt = i — ££#> = i — aadd, rad. = i. 
Then • • . 

Pa fin. ab 
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F I G. fin . AB = H -mid + p* 

47* mid — ? pen tt 

See alfo Cor. i, 2 Prop. xli. 
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C A S E VI. 

54. Given two angles a and b, and an oppolice fiit 
55- Br ; to find the third *#£& f. 



56 

I. Logarithmically. 

Let fall a perp. from f j then' by Cafe 3 right 
£. triangles, rad. : /*». b : : cof bf : ciAro. bfi. 
Tfyen cof. b : fin. bfi : cof. a : fin. af*. 
If a and b are of the fame affeffion, bfi' + afi 
=; f. If both bfi + afi and bfi + fup. afi 
be < 180, then (afi and) f is ambiguous. 

If a and B are of different affeffion, afi — BFr 
= f, if both afi and fup. afi > bfi, then (AFr 
* and) f is ambiguous. 

■ 
Or thus, 

4.7. Find af by Cafe 4 ; then fin. : 

fin. AF + BF : : tan. tZA : cotan. |f. 

2 2 

II. Algebraically. 
aj 9 • Let 0, b, p be the fines \ m % n, i the cofines of 

A, b, fb ; d = £- = fin. af, e = cof. af ; bb vz 

a 

bb — aa =: mm — nn, kk = 1 — bbpp ~ 1 — aad, rad. 

mu ^ r bb _ bim + aen 
Then fin. f n = -1- — ,. 

bim — aen kk 

Alfo fee Cor. 1, 2. Prop, xl, 

C A $ X 
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CASE VII. 

Given two fides af, ab, and the included angle a;,F I G; 
to find an oppofite angle b. 54. 

55- 

I. Logarithmically. &• 

Let fall a perp. from f j then by Cafe 1 right l- 
triangles, rad. ; cof. a : : tan. af ; tan. ai, and 

ab w y AI = IB, * 

Th6n fin. ai : fin. bi : : cotan. a : cotan. B. 
According as ai is < or > than ab, b and a are 
of the fame or different aflfe&ion. 

Or thus, 

fcy. ■ : cof. - : : cotan. f a : 

2 2 

2 

And fin. ^±H : fin. ±L?J^ : : cotan. |a : 

2 2 

w#, 1 I. ■♦ 

Then , + — — =r angle oppofite to the 
greater fide. 

F ■"!■■ B F c/5 R 

And „ , ; , — — ^ z= *«£& 0*. to the leflcr 
2 % * 

iide. 

JVte, l±i is of the fame affeftion as AP + AB » ^ 



2 
II. Algebraically. 



Let j, *, J be the fines, f, w, ^ the rtf/fott of ab, 4*, 
af i z = **te». ab, / = cotan. af, t =. cotan. a-, 



A, 

ra/. = i. Then 



P 3 Cotan. 
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FIG. (&*.* = ?— ,*<" =lt — cr. 

da a 

as a 
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Case VIII. 
54* Given two fides af, ab, and the included angle a; 
*|* to find the third fide fb. 

I. Logarithmically. 
Let fall fi a perp; from f j then by Cafe I right A s* 
Rad. : cof. a : : tan. af : /*». ai, 

And AB (0 ai = bi. 

- * Then cof. ai : £<?/. af : ; cop bi : cof. bf. 

As bi and a are of the fame or different affec- 
tion, bf is < or > than a quadrant* 

Or thus, 

Find th? *- fe by Cafe 7 $ /£*» 
fin. b : fin. af : : fin. a : fin. bf, by Cafe 4. 

II. Algebraically. 

47- Let s, d be the fines, and c> e the cofines of ab, 

y — ■ 

AF ; mzz Cof. A, V =± Wf/, A ; D = *0/. AB » AF i 

r* ^. = 1 . then cof tbzz sdm + ce = d — J*ft% 



C A S £ IX. 

54. Given two angks a and f, and the included/*/* 
55- ./af i to find an oppofite^fe fb. 

56. 

I. Logarithmically. 

Let fall a perp. from ; F s then by cafe 3* right 4 
triangles, . * , , - 

jfj^i. : /*». a : : «>/ af : cotan. a?? > 
And afb «• afi =: bfi y then, 

. " . 'AT- 
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Co/, afi : cof. bfi : : cotan. af : fi/a*. bf. F I G. 

As bfi and a are of the fame or different affe&ion, 54* 
BF is < or > than a quadrant. 55. 

Or thus, 

Cof. L±i : cof.L!±: : tan. f af ; 
2 ^ 2 

,_„ AB +BF' 
2 

And fin. !~£-^ : fin. LSLi : : tan. f af : Mp. 

2 2 

AB (0 BF 

i' ■ u i 

Then AB + Br + ABcgBF = jlfr oppofitc to 
2 2 

the greater angle. 

", And AB + BF — ABcaBF = /ft opp. to the 

2 2 x 

leffer angle. 
Note, tLtIZ is of the feme affection as i±±. 

v fc -2 

II. Algebraically. 

Lit a> & % f he tbejines, and m, e, g the cofines of 47, v 
a, af and % f, t 3= **/*». a, / = cotan. af, jr s 
**/*». F, rtfifitf =1, then 

d d 

Case X. 

Two angles a and F, and the included yft/i af, ^ 
being given % to find the third angle b. f -" • ^ . 55* 



P 4 I. 2>£<** 



56. 
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I. Logarithmically. 

F I G. Let fall a perp.irom f, then by Cafe 3 right angles, 
54* Rad. : f*#. a : : cof af : cotan. afi, 
5|* ' And afb «« afi = bfi -, then 
^ ' fin. afi : fin. bfi : : cof. a : cof *. 

As afi is < or > than afb, b and a are of the 
fame or different affe&ion. 

Otberwife, 
Tind tb ty Cafe 9 j then b by Cafe 1. 

r - 

II. Algebraically. 

47*' . Let a, f be the fines, and m, g the cofines of a and 
j^ t~cof. af> rod. zz 1 ; then ,] 
Cof B = afe — mg % Alfo fee Prop. xlui. 



Case XL 

54» Given the three fides, to find an angle A. 
55* 

f 6t I. Logarithmically. 

Let fall a perp. from f $ then 

„• , . AF + FB . AF «• FB 

Van. f ab : tan. — : : : tan. , : A?** 

an arch Q~ 

If I ab > q^ the perpendicular falls within; if 
lefs, without. 

Then I ab + qj= greater fegment ai or br, and 
|ab w Qjujeffer fegment bi or a-r ; • then 

If af + fb < 180, the perpendicular falls neareft 
the lefler fide. 

If af +fb > 180, the perpendicular falls neareft 
the greater fide. 

- Then by Cafe 4 right L s, r a d. : tan. Ai : i cotan. 
af \cof.h % > ' 

* Or 



_i 
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* 

Or thus, " 

/ % ■ j , BF + AB — AF F I G. 

s. ab x s. af : rad. Jauare : : s. L. A* 

X s. —J- : s. fquais f a. 56, 

; Or s.ab x s.af : rad.fquare : : s. T ^ 

x s /^ + ab + af ^ M . ^ w , f ^ 

^ *#* Pr */>. xlii: */m? Cor. 



2 



« .c 



• \h Algebraically. 
Let d> s be the fines > a nd g, e th e ig^jKi */ af, 4- 

AB 5 I = fl?/. FB, Z — ffl/I AB + AF, 9tZZ 
fof. A0 co AF. /Wi#J = I. 

tfben cof. a = L—Sf, and verf. a = iL, — x2. 

w #— z 



1 .in ' ■ ■ ■ i . . ■ ■ ■ i n ■ ' ■ ■■ 



Case XII, 
The three angles being given 5 to find zfiie af. 54, 

I. Logarithmically. S&* 

As 4, b are of the fame or different, af&Aion; 
the perpendicular from f falls within or without.. 

\*ot. — _ 1 tan. . ;: tan. |f : tan. an arebq. t 

2^« |f + qj= greater angle at the vertex afx 

or BFR. 

. And |f *> qj=z lejfer angle at the vertex 2fi or 

AFRj 

Then if a + b < 180, the perpendicular falls 
neareft the lcffer fide or greater angle. 

' r If 
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F IG. If a + b > 1 80, the perpendicular falls neareft 

54. the greater fide or leffer angle. 

55- Then by Cafe 16 right angles > 

56* Tan. afi : cetan. a : : rod. : cof af. 

Or thus, 

Let 2 = fum, d = difference of a and F, 
Then fin. a x fin, f : rad.fquare : : 

cof Lti- x cof. 5Jli \ fine Jquare |af. 

Or fin. a x fin. f : rad.fquare : : 
**/. ... ^ x cof. ■ : eof. Square |af. 

Alfo fee Prop, xliii and Cor. 

II. Algebraically. 

*m 9 Let a, f be the fines , and m> g the cofines of a and 
F, nzzcof*. zzzccf.r + A, xzzcof fwa, radzzi. 
Then 

CofATZZ SL±A andverf. af = i±-£ x *• 
' af 3 — * 



Scholium. 

Any of the cafes of right-angled triangles is re* 
folved at one operation $ but in obliques, all but the 
1, 4, 11 and 12 require two operations, but then 
they find two things for thefe two operations, with- 
out a perpendicular. Let me only add, that the 
dire&ions in general for performing the arithmetical 
work in iphericsj is the fame as in plain triangles* 



n$ 
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7%e folution of all the cafes of fpherkal FIG, 

triangles in numbers* 



Right-angled triangles. 

Case L 

Given hyp. af = 78 20? required the adjacent 79, 
angle a — 27 43 3 fide ab. 

Rad. — — • — 10. 

Cof. a (27 43) — *— 9-947°7<>o 
Tan. af (7* ao) *— — 10,6851149 

Tan. ab (76 52) — — 10.6321849 
which is lefs than a quadrant, becaufe a and af 
are of the fame affe&ion. 



* 1 

Case II. 

Given hyp. af = 78 20 1 required the oppofite 
angle a zz 27 43 J fide bf. 

Rad. — . — . — io. 

Sin. af (78 20) — — 9'9<P933* 
Sin. a (27 43) — - — 9.667545 9 

Sin. bf (27 06) — — 9.6584797 
N which is le& than 90, becaufe a is acute. 



C A Si 
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Case III. 

TIG* Oivcn hyp. a* = 78 10 7 required the other 
79# angle a = 27 43 > ^*- 

Rad. — — io. 

Cof. af{78 20) — 9-3058189 

Tan. a (27 43) — — 9.7*204*? 59 
Cotan.F(83 56) — — 9.0262y4» 

which is acute, becaufe af and a are of the fame 

affettion. 



* 4 



m 



C A S E IV. 

$9# Given the hyp. afzz 78 20 7 required the L 

' a leg ab = y6 52 3 adjacent a. 

Rad. — — — io. 

• • Cot. AF (78 20) -* — 9.314885I 

Tan. ab (76 52) — — 10.6320468 

Cof. a (2745) — — 9-94*>93 I 9 
which \s acute, becaufe ab, af are of the fame 
affeftion. 

Caie'V, 

foi Given hyp. af =78 20 7 required the. oppofite 

leg ab = 76 52 J L f. 

Sin. af (78 20) — — ' 9.9909338 

Rad. -— *— 10. 

Sin. ab (76 52) — *— 9,9884894 

Sin.F (83 50 — . ~ 9-9975556 
which is acute, becaufe ab is lefs than 90. 



C AS* 
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C A S E VI. 

Given hyp,AFz=7'8 20 7 required the other jeg pi<£ 
leg. ab = 76 523 bf. 8o* 

Cof. AB (76 52) — — ^.3^64426 
Cof. AF (78 20) — — * 9.3058189 

.Rad. — — — 10. . 



h»M I ll 



Cof. BF (27 08) — — 9-9493763 

•which is lefs than 90, becayfe ab, af are of one ' 
afiedion. 



Case VII. 



Given a fide ab= 117 34 7 required oppofitc 81. 

adj. z. a = 31 51 J fide bf. ' . 

Rad. — — 10. 

Sin. a* (117 34)-- — 9-947 66 55 

Tan. a ( 31 51) — 9.7932560 

Tan. fb ( 28 51) — 9-7409215 
which is lefs than 90, becaufe a is acute. 



Case VIH. 

Given a fide ab m 17 14 7 • J 

adj. ^a = 3 i £ J required op. z. f. 8r. 

Rad. — — 10* 

Sin. a ( 31 51) — 9.7223848 

Cof. ab (117 34) — 9.6653749 

Cof. f {104 08) — 9.3877597 

which isobtufe, becaufe ab is greater than 90. 



C A S B 
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Case IX. 



FIG. 



Cof. A ( 31 51) — 9.9291189 

Rad. — — 10. 

Tan. ab (117 34) — ' 10.2821906 

Tan. af (113 53) «— 10.3531617 

which is greater than 90, becaufe a and ab are of 
different affe&ion. 



Case X. 

82. Given 

op, 

Rad. — — 10. 

Cot. A ( 31 51) — 1,0.2067440 



fide bf = 28 51 7 ^ uir ^ fid adj< AB 

u £- A =31 JIJ V J 



Tan. bf ( 28 51) — 9.741066a 

sm. a. ( « j ; J OT ) - Twsts; 

ab may be either lcflcr or greater than 90. 



C A S F XI. 

ta . , Given fide bf = 28 51 7 ircd adj# ^ 

Op. Z- A =31 5I J ^ J 

Cof. BF ( 28 51) — 9.94.04476 

Cof, A ( 31 51) — 9.9391289 

Rad. — — ia 

' SimF (loi" ') "" 9 ' 9 *° 6 * 1 * 
which may be either acute or obtufe. 



Case 
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C ASE XII. 

Given a fide bf = a8 et 1 • ., 

op. z.a ^V^J'^"^^-"- 

Sin. a ( 31 51) — 9.7223848 
Sid. bf ( 28 51) — 9*6835137 
Rad. — — f o. 

Sin. af ( I ^° r ) - 9.961 "89 
which may be cither greater qr lefs than 96. 



*■*■* 



Case XIII. 

Given, leg ab = 76 52 1 • . » , 

le| " = 27 06 } rc ^ ired thc * A ' 

Sin. ab (76 52) — — 9.9884894 
Rad. / — . — 10. 

Tan. bf (27 06) — • — 9.7090374 
T. op. C a (27 43) — 9.7205480 
Which is acute, becaufe bf is lefs than 90. 



Case XIV. 



*2| 



FIG. 

*2i 



i*' 



Given the leg ab =76 52 7 required the hyp. ju 
leg fb =27 06 J af. j ' 

Rad. > — . -—10. 

Cof. fb (27 06) — — 9.9494938 
Cof.AB(76 52) — . — 9.3564426 
*Cof.AF(78 20) — — . 9.3659364 

wjiich is lefs than a quadrant, becaufe ab, bf are 

of one affection, 



Case 



ate 
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Case XV. 

F id. Given the i a = 3 1 5 1 V requ -, re d a leg bf. 
84.. ip ^104 08 J * ^ 

Sin. r (104 08) — — 9-9866509 
Rad. — — 10. 

Cof. a ( 31 51) — — 9-929I389 
■ Cof. op. fide if (a8 51) — 9-94M7SO 
which is left than 90, becaufe a is acute. 



Case XVI. 
GiwnZ.A= 31 51 7 lred ^^ „. 

Tan. f (104 08) — — 10.598943* 

Got. a ( 31 51) — — 10.2067440 

Rad. — — 'Q- 

" C0f.AF(lI3 55) — — -9.6078018 

which is greater than 90, becaufe a, f are ot dif- 
ferent affection. 



CWijw 



' V 



V 
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Oblique Jpberica! triangles. 
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C A S £ I. 

Given af = 79 13 ■» • 

sf=62 4a I required £ b. 

^ A = 50 12 J 

Sin. fb ( 62 42) -~ — 9.9487147 
Sin.A(5oia) — — ^.88552 1 c 
S»n. ap ( 79 13) — _ 9.9922626 

V 8 o8or? ' 9**777*41 

Sin ' B {151 52J ~* 9'9 a SK>694 
which is ambiguous, becaufe a + 1, and a + fup. a 
are each of them left than 180. 



FIG. 
85. 



Casi II. 
Given AFr:7Q 17 

required r. 

Draw fi perp, on ab, then 

Rad _ ___ 

Cof. AF (79 13) — 

^ Tan. a (50 12) «— . 

Got. AFI (77 2l) _ 

• Then 

Cot. AF (79 ,3) . _ 

Cdf. AFI (77 2l) _ 

Cot. pF (62 42) _ 



10. 

9.2720635 
IO.O792671 

9'35 1 33°<> 

9.4798009 

9-3404338 
9.7127662 

19.0532000 
9-7733991 



Cof. BFI ($3 36) __ 

which is acute, becaufe bf and a 21zS.u r 
affeSion. Then af + ■ r - r ± *?* ?"* 
?J 4^, ambiguous? - BFI - r - l *° 57 or 

Q- Case 



»* 
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C X S B /III. 

FIG. Given afzt 79 13*1 
*5 m bfzz62 42 > required ab. 

iL a = 50 1 2 J . . 

Draw fi perp, 00 ab, ohsri 
Rad. • ' — ' -*--; 10. 

Cof. A (50 12) ^- 9.806*544 

T. af (79 13) - — 10.72b 199 * 

T. ai (73 26 J <— 10.5264535 

Then 

Co£af(7$ 13) — ' — 9.^740635 

Cof. ai (73 26) — : — 9.455044* 

\ Cof; bf (62 42) — ■ — 9.6614810 

" t ■'■> W t ■ 1 I I I f « T 

Cof. B! (45- 39) — 9.84446 1 6> - 

which is lefs than 90^ becaufe bf and a are of one 
affe&ion. Then ai ■+- bi — ab zr 27 47 or 119 5, 
ambiguous. 



Case IV. 

86, Given A =; 50 ij, 

b zz $8 08 > required af. 



bf 



— 5° x O ' 

— 58 08 > requii 

=: 62 42 J 



Sin. a ( 50 12) — — 9.8855215 

,Sin.BF( 62 42) — — 9-948? 1 47 

Sin. b ( 5& 08) — — < 9.9290504 

19.8777651 

af is ambiguous, bejeaufe 3F + &F> and bf + 
iup. af, are both lefs thaft .180* 

Case 
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Casjb V. 

Given a = 50 12^ 

• B = 56 08 ( required ab. 
Brr:6a 42 j 

Draw n perp. to ab, then 

Rad. — • — 10. 

Tamfer (6% 42) - — '— ■ 10.2872338 

Cof.B {58 idS) — — 9.7225881 

Tan, bi (4$ 39) — * — • 10.0098119 



Then 



Cot. b ( .58 08) 
Cot. a ( 50 1 2) 
Sin. bi ( 45.39) 



9-7935378 
9.()207329 

9.H54^^64 
I9.7750S93 

9.9*15315 



frlG. 

86. 



then ab ( =ai + bi) — 119 04 Of 15a 14, am- 



biguous. 



rfWhi 



Case VI. 

V 

Given a.= 50 1 2 i 

b r: 58 xs% y required r. 
bf— 61 423 

Draw fi perp. on ab j then 
Rad- — — io. 

TanJ * {$&©*) — — 10.2064622 
Cof.' *F (62 42) — — 9.66 148 10 

Cot. bfi(5j 35) — — 



9.8679432 



86. 



C^2 



Then 
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/ > 
i 

Then 

I 

FIG. Cof. b (58 08} — — 9.7215881 

86. Sinu bfi {$i 35) — — 9-9 5*45* 

Cof. a (50 12) — — 9.8061544 

19.711899ft 

V102 39 ; , 

Then f { = bfi + afi) = 130 56 or 156 14, 
ambiguous. 



Case VII. 

Given af = 79 13 
87* ab = 1 19 05 \ required b, 

a 



= 79 *3? 
= 119 05? 

= 50 12* 



Draw fi perp. on ab 5 (hen 

Rad. — ■ — io# 

Cof. a (50 12) — — 9.8062544 

Tan.Af (79 13) — — 10.7201991 

Tan.Ai (73 26) — — 10.5264535 

Then ab — ai c: ib r: 45 39. 
Sin. ai (73 26) -*■ — 9.9815870 

Sin. bi (45 ^9) — — 9- 8 5435 6 4 
Coca (50 u). — — 9.9207329 

19.77*0893 
Cot. b (58 08) — — 9-7935 oa 3 



»«kaMta 



which is acute, becaufe b is of the fame affc&ion 
as a. 



Case 
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Case VIII. . 
Given a* = 79 13 J 

ab = 1 19 05 f required fb* < F I G* 1 

a i= 50 12* 874 

Draw fi perp. to ab ; thtn 
RacL — — . io # • 

Cof. A (50 12) — 9.8062544 

Tan.AF(79 13) — 10,7201991 - 

Tan. ai (73 26) — 10.5264535 

Then ab — ai zr bi z: 45 35. 
And cof. a x i (73 26) — 9-4$5°44i 

Cof. af (79 13) — 9.2720635 

Cof.Bi (45 39) — 9.8445018 

19.1165653 

Cof. BF <62 40) — 9.661521* 

which i* acute, becaufe bi and a are of the lame 
affection. 



*m*i 



Cash IX. 

Given a =r 50 12* 

afb =130 56 1 required vti 

A* = 79 13 i 
Draw ri perp. to ab j then 
Rad. — — 10. 

Tan. a (50 i*V — ~ 10.0792671 

13) 



to. 




Cof.AF (7 9 13) — 9.2' 

Cot.AFi(77 oi) . ~ 9>3S l 33o6 

Then apb — afi = *fi =: 53 35. 
Cof. afi £77 21) — 9.3404338 

Cof. bfi (53 35) — 5.7735327 

Cot.AF (79 13) — ^.279800. 

>>-°533336 
Cot.SF (6a 41) imm 9.7128998 

which is lcfs than 90, becaufe bfi and a are of the 
fame affection. 

3*3 Ca*x 



> 
\ 
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Cm X. 

FIG, Given a= 50 12} 
88. afb=:4jo 56 J required i~ B. 

af= 79 13 J 

Draw rf peirp* ab ; thctt 
Rad." — . —to. 

Tan. a {50 ta) — 10.0792671 

Cof. a* (79.13) — ■ 9-^7^0635 

Cot. am (77 at) . — 9*35 133 06 
Then afb *r- wismi = 53 35. 

SiruAFi(77 21) . — *.9893*79 
Sin. bfi (53 35) *- 9-9°S 6 4S4 

Cof. a (5012) — 9.3062544 

1 9.7 1 18998 

Cof. b ($808) -<- 9-7«5>>9 - 

which is acute, becaufe a is acute, and afi lefs 

• than afb. 



Cass XI, 

j 9 . Given af = 79 13I 

bf = 62 42 fr required a. 
ab = ii9 05J 

Draw Fiperp. to ab j~ then 

Tan. |ab (59 32!) — 10.2305741 
Tan. AT "*" ** (70 57 1) — io.4620031 

Tan.-£Ir-2I(« 15I) — : 9.i6i79i7 

19.6237948 ."•' 

Tan. q,= "13 54 - - ' W9J«°7 
- ' . Then |ab+q = ai=s73 46*. 

Andrad. . — . — IO - . 

Tan. ai (73 26 f) — ro.j 26774Q • • 

Cot. a* (79 13 ) ■ — . 9.279 8 <?°9_ 

Cof. a (50 10 ) - 9-80657*9 
/ . Case 
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Case XII. 
Given az: 50 12. 

. 1 b= 58 08c required af. FIG 

F= I3O565 90 /' 

, Draw fi perp. to ab j thdn 

Cot. f .A + B (54 10) 9.8586019 

Tan. £.b — a ( 3 58) — 8.8409977 

Tan. \ f (65 28) — to. 7406267 

' 19. 1 8 16244 

Tan. q. (11 53) — 9.3230225 

Thert |f + QJ= 77 a 1 == afi. 

And tan. afi (77 21) — 10.6488941 

Cot. a (50' 12) — 9-9207329 

Rad. — — 10. 

Cof. af (79 13) — 9.2718388 



FINIS. 



